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Abstract

We study a class of integrable systems known as affine Toda field theories. These theories are closely
related to affine Lie algebras and can be reformulated as the condition for the vanishing of the curvature
of a vector bundle connection. We show how this zero curvature representation leads to an infinite
number of conserved quantities for these systems, and explicitly construct some of these quantities for
s[(2) and sl(3) affine Toda field theory.
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1 Introduction

Integrable systems occur in a wide range of areas throughout modern physics and mathematics. In classical
mechanics, we have such examples as the Euler top, the harmonic oscillator and the Coulomb potential. In the
theory of non-linear partial differential equations we have famous examples such as the KdV equation. The
Landau-Lifshitz equation and the Heisenberg model arise in the study of magnetism. In classical gauge field
theory we have the (anti-)self-dual Yang-Mills equations and their dimensional reductions, which describe
for instance instantons and magnetic monopoles.

Such systems could also be called “exactly solvable models.” They are characterised by the ability to
write down explicit solutions, often making use of inverse scattering methods. These solutions sometimes
appear as solitons - localised, particle-like solutions. However the feature which forms the central theme of
this report is the existence of conserved quantities.

We know from classical mechanics the importance of the conservation of quantities such as energy and
angular momentum in solving systems like central force problem. It is possible to use conserved quantities
to reduce the number of degrees of freedom of a system to a manageable amount, sometimes letting us solve
by quadrature.

The essential concept of integrability that is to be followed in this report is exactly this: the existence of
conserved quantities. In particular, to ensure integrability - which we still need to define properly - we need
as many conserved quantities as degrees of freedom.

Our focus will be on infinite dimensional systems, and especially a class of field theories known as affine
Toda field theories. The practical problem we want to overcome is then the construction of an infinite
number of conserved quantities. The approach we will use for this task is the reformulation of the equations
of motion as a zero curvature condition. A general reference for this method is [I]. We make use also of the
papers [], [5] and the lecture notes [3].

This report is at the level of a review: we explain some of the necessary background theory and explore
in detail some non-trivial examples. By doing this, we hope to elucidate important common features of
integrable systems, and gain an insight into this area of research.

Let us first give here a brief overview of integrability as it applies in classical mechanics [2]. Consider
an n-dimensional Hamiltonian system, with coordinates ¢;, momenta p; (¢ = 1,...,n) and Hamiltonian
H = H(g;,p;). We can describe the motion of the system using the canonical Poisson brackets: {p;, ¢;} = J;;,
{pi,p;} = {¢i,¢;} = 0. We then have

pi = {H,pi} ¢ ={H,q} (1.1)

where we note that the Poisson bracket acts as a derivation, {f,gh} = {f,g}h + {f, h}g, and is skew-
symmetric {f,g} = —{g, f}.

For any function f = f(p;,¢;) which depends on time only through the coordinates and momenta we
have that d

SF={H.f) (12)

It follows that a function f is conserved if its Poisson bracket with the Hamiltonian vanishes.

Such a system is said to be Liouville integrable if there exist n functions I; = I;(g;,p;) which are conserved
and mutually Poisson commuting, {I;, I} = 0Vj, k. In this case it is possible to canonically transform to a
new set of coordinates known as action-angle variables. The action variables are our new momenta, which
are functions of the I only, and so are constant. The angle variables are our new coordinates, which evolve
periodically. Geometrically, we can view this as a torus fibration, with base space consisting of all possible
values for the action variables and the fibre at each point being an n-dimensional torus, with the angle
variables as fibre coordinates.

So we then expect a characteristic of infinite-dimensional integrable systems to be the existence of an
infinite number of conserved quantities, which commute under some Poisson bracket.



In this report we show how this is the case for infinite-dimensional systems admitting a zero curvature
representation, discussing mainly the case of affine Toda field theories. In sections 2 and 3 we present some of
the necessary mathematical preliminaries, introducing the zero curvature condition and showing how it leads
naturally to the time-independence of the trace of the monodromy matrix. We also discuss the Hamiltonian
and r-matrix formalisms.

In section 4 we give the formulation of the general affine Toda field theory associated to an affine Lie
algebra. (The background details on such algebras are given in an appendix.) Section 5 is then given over
to applying the ideas discussed previously to the simplest affine Toda field theory, the s[(2) affine Toda field
theory, which corresponds to the sinh-Gordon equation. We give an explicit construction of a number of the
conserved quantities for this system, as well as obtaining the r-matrix and discussing the theory in light-cone
coordinates. Section 6 shows how to apply the same methods to s{(3) affine Toda field theory.

We conclude in section 7 by showing how we can use any conserved quantity to define a Hamiltonian
flow, yielding an infinite hierarchy of integrable systems. In particular we obtain the modified KdV equation
from affine s((2) theory expressed in light-cone coordinates.

2 The Zero Curvature Condition

2.1 The condition

We assume we are studying scalar fields ¢; = ¢;(z,t) defined over a 1+ l-dimensional spacetime, with
periodic boundary conditions, ¢;(z,t) = ¢;(xz + R,t). We denote partial derivatives as %d) = 0;¢ = ¢ and
Fo=0.0=¢

Our starting point is to seek two n x n matrices U(x,t, \), V(x,t,\), depending on the fields ¢;(z,t) and
an additional parameter A, such that our equations of motion are satisfied iff

[0~ V,0, — U] =0 (2.1)

We can regard U(z, t, ) and V (z,t, \) as being the time and space components of a vector bundle connection.
This vector bundle has fibre C™ and base space our 1 + 1-dimensional spacetime.

The commutator [0, — V, 9, — U] gives the curvature of the connection, which vanishes if the equations
of motion are satisfied.

Example: The sinh-Gordon equation for one scalar field ¢
é—¢" = —4m?sinh 4¢

is equivalent to the zero curvature condition for

_ b mA~te?? + mAe2¢
Ula,t,A) = (m)\162¢ + mAe?? —¢
/ —mA"1e2¢ + mAe—2¢
V(z,t,A) = <m)\leq§¢’ + mAe2® - )

The connection is only unique up to gauge transformations. Such a transformation corresponds to a
change of basis in the fibres of the vector bundle, and so is given by an invertible matrix g = g(x,¢) which
acts by conjugation:

O —U =g (0, —U)g=08, +9 '0rg— g 'Ug (2.2)

and similarly for 0; — V.



2.2 Parallel transport and the monodromy matrix

Now, the main reason for defining a connection on a vector bundle is to allow us to parallel transport vectors
from fibre to fibre. The idea is that we have a vector ¢ in the fibre above a point v(0) and a path ~(s)
in our base space passing through 7(0). As we move along the path v we would like to have a way of also
transporting the vector ¥ through the corresponding fibres above the points v(s), such that ¢ in some sense
remains constant.

This is achieved once we specify a connection A, with associated covariant derivative 9,, — A,. Then
the parallel transport v’ of ¢ along the path 7(s) is defined by the condition that the covariant derivative
of ¢/ along ~(s) is zero.

If the curvature of the connection vanishes then parallel transport is well-defined, so that the vectors
obtained by parallel transporting along different paths from a point v(0) to (1) are identical. This can be
seen by considering the infinitesimal parallel transport of a vector v, under which

Y =+ (Ou — Aptp) dat

where we sum over p (in our case = 0,1 with g =t and x; = ). If we denote by 1 the vector obtained
from the infinitesimal parallel transport x — z +dz!' — x +dz} + dzh and 12 the vector obtained by taking
the route © — x + dahy — = + dzy + da¥, then computing the difference between these vectors we find

by — 1y = — (BuAy — B, Ay — A A, + A A,)) vdat da
— [0 — A, 0 — A Joodaltdacy

where the commutator [0, — A, 0, — A, ] is exactly the curvature of the connection. Thus the zero curvature
condition tells us that for any two paths between two points, ¥; = 1. In particular, the parallel transport
of a vector around a closed loop gives us back the same vector we started with.

We can define the operator of parallel transport along a path v by
M, (2,8, )) = P exp ( / (e U, 6, \) + dt V(a, 1, A)]) (2.3)
¥
where P is a path-ordering operator. If we consider dividing - into N segments 71, ...,y and let

Ln:I+/ (dzU + dt V)
v

n

and
My =Ly...I4

then we can view M, as being the N — oo limit of My. The path-ordering operator ensures that the
products L;L; are ordered so that they are multiplied together in the correct order, with “earlier” terms
appearing on the right. This is a complication due to the non-commutativity of matrix multiplication.

The matrix M, can also be thought of as being the solution to the parallel transport equations, (0, —
U)M =0 and (0; — V)M = 0 with initial condition My = I (here 0 represents a trivial path which is just a
single point). In this context one can also view the path-ordering operator purely as notation denoting the
solution to these equations. It is clear that given a vector ¢ then ¢’ = M, is the parallel transport of 1
along 7.

Let us now consider only the z-direction. The solution to the parallel transport equation (0,—U)T (z,y,\) =
0, T(z,z,\) = I, is the transfer matrix:

T(xz,y,\) = Pexp (/: dx U(x,t, )\)) (2.4)



Figure 1: Parallel transport on a vector bundle; the operator M., gives the change in the vector 1 when we
travel along the path - in the base space. The straight lines represent individual fibres.

where here our path v runs from y to x. A special case of the transfer matrix is the monodromy matrix

R
M) =T(0,R,\) = Pexp (/ dz U(x,t, /\)> (2.5)
0
which is the operator of parallel transport for the entire x domain.

2.3 A generating function for conserved quantities

We will now show that the trace of the monodromy matrix is time-independent, and so can be used as a
generating function for conserved quantities. Consider a closed path defined as follows: starting at z = 0
and running to z = R at time ¢;, then going from time ¢; to time ¢2 at x = R, and then back to x = 0 at
time t9, and finally back to t =t at = = 0.

t:tgI

]
T T

z=0 T

R

Figure 2: Path used to show that the trace of the monodromy matrix does not depend on time.

S(R) = Pexp (/tt dtV)

which is equal to S(0) by periodicity, then the complete parallel transport operator for the closed loop is

If we let

M), SRIMTI V)], STHR) =1

= M)y, = S(R)MN)]:,S™H(R)
so that M(A) at time ¢; is conjugate to M(X) at time t9. It follows that

T(\) = tr M()) (2.6)

is constant in time.



We now want to see how we can use the time-independence of 7 (\) to generate conserved quantities.
The idea is to look at the asymptotic expansions of 7(A) as A — 0 and A\ — oo. In these limits we find
expansions of the form

logT(A) & AR = > HA™" +0(e ™) (2.7)
r=1
for A — oo, and
logT(\) ® A'R =Y H7 A" +0(e™ ) (2.8)

r=1
for A\ — 0. The HF are local conserved quantities, which is to say that they are of the form

R
H* :/ do I* (2.9)
0

T

where IF is a polynomial in the fields and their derivatives. (A global conserved quantity would consist of
multiple integrals.)

This will be illustrated in later sections when we delve into the theory of the sinh-Gordon and sl(3)
affine Toda field equations in more detail. We give here a rough outline of the method [5] for obtaining the
asymptotic expansions: first, we seek gauge transformations which allow us to write U in the form

U=\E-U, —ZA—’ka
k=1

where the sum should end after a finite number of terms. The motivation for seeking this form of the
potential is that for large A we expect the leading behaviour to be proportional to A. Here we assume we
have chosen a gauge such that E is diagonal.

The next step is to use a gauge transformation
o0
w=1+ Z )\_kwk
k=1

which transforms U into

U=AE-Y A", (2.10)
k=0

where the matrices I, are diagonal, proportional to some polynomial I} in the fields and their derivatives.
This gauge transformation cannot be written down immediately - however from

(0r —U)w =w(0, —U")

we can derive a recursion relation which at each step gives us Iy, w1 in terms of known quantities. Thus
we can explicitly construct the conserved quantities Ij.

3 The Hamiltonian formalism

3.1 Elements of classical field theory

Traditionally, field theory is studied from the Lagrangian viewpoint. The action of the system is given by

S— /dtdxc(¢,¢5, &) (3.1)



and the equations of motion are the Euler-Lagrange equations

QoL 9oL oL

e e 3.2
ol og 005 09 (3:2)
For the field ¢ we can define the conjugate momentum 7 by
— (3.3)
ol

and the associated Hamiltonian is
H= /dx (ﬂqﬁ - E) (3.4)

The equations of motion can then be described by choosing the correct Poisson bracket relationship. For
the theories we will study in the next sections, this is

{r(z),0()} =0z —y)  {(x),0(y)} ={o(x),0(y)} =0

with the equations of motion taking the form
w={Hn} ¢={H0g}

Note that here we are only discussing the case of a single scalar field ¢ - the generalisation to multiple fields
should hopefully be obvious.

3.2 The r-matrix
Recall that the tensor product of two matrices A, B (assumed to be both n x n for simplicity) is given by

allB e alnB
A®B= : - : (3.5)
apmB ... an,B

where each entry shown is an n x n block. We can define a Poisson bracket encompassing every entry of two
matrices A, B whose entries depend on the fields ¢; and their conjugate momenta by:

{G,ll,B} {aln;B}

{A®B} = : . : (3.6)
{an1,B} ... {apn,B}

where {a;;, B} is the matrix consisting of the Poisson brackets of a;; with the entries of B.

Now we take the transition matrix U(z,t, A), and consider its Poisson bracket with U(y,¢, ). The goal
is to find a matrix (A, 1) such that we can express this Poisson bracket as a certain commutation relation:

{U(@, VU (y, 1)} = [r(A\, 1), U@, \) @ T + T @ Uz, p)]d(x — y) (3.7)
This is an important step, as we can then show (see [I] for details) that this implies
{T(2,y, N&T (2, y, m)} = [r(\, 1), T(2,y, ) @ Tz, y, )] (3-8)

where T'(x,y, A) is the transfer matrix (2.4):

T(z,y,\) = Pexp (/w dz Uz, A))

Y



Obviously this applies to the monodromy matrix M(X) = T(0, R, \):
{(MN@M(u)} = [r(X, 1), M(N) © M(p)]

We now take the trace of this equation. This gives zero on the right-hand side as the trace of a commutator
vanishes, and on the left-hand side we use that tr (A ® B) = tr Atr B to find

{T): T} =0

where 7 (\) = tr M(\) is the generating function for our conserved quantities.

If we now consider 5

{log T'(A),log T'(11) } = W{T()\)vT(M)} =0

and insert the asymptotic expansions (2.7)), (2.8) for log T'(\) we find that all the Poisson brackets between
the conserved quantities H ,;t must vanish:

{Hy, H)} =0 (n=+ (3.9)

This shows that we have an infinite number of Poisson commuting conserved quantities, and so guarantees
the integrability of the system.

4 Affine Toda Field Theory

We give here the Lagrangian and Hamiltonian formulations of affine Toda field theory. The word “affine” in
this case refers to an affine Lie algebra, whose simple roots are used to define the field theory. The necessary
ideas from the theory of Lie algebras are contained in the appendix.

Our definition of affine Toda field theory is based on that given in [6]. As our Lagrangian we take

L:/Rdx 1(8@17)2—1(3 ¢)2_2m2ii62al¢ (4 1)
0 2 t 2 T < a? .

Here ¢ is an r-component vector of scalar fields ¢; and the «; are the simple roots of an affine Lie algebra
g. We have periodic boundary conditions, ¢;(z,t) = ¢;(x + R, t).

The equations of motion are of the form

;i — Doy = —2m? 0 > 1 e (4.2)

: 2
0¢; e’

We assume that for each system the associated affine Lie algebra is written in the Cartan-Weyl basis so that

for the simple roots a; we have 4 . o
[HI, E¥] = (o, E*

Here i = 0,1,...,r with o being minus the highest root of the simple Lie algebra g that the affine Lie
algebra is constructed from. The H7, j = 1,...,r are the elements of the Cartan subalgebra of g and E* is
the raising operator corresponding to the simple root «;.

The connections for this system ard]]
U=&+X"'me®l e + Ame P1_¢® (4.3)

V==0 - A"1meIe® + dme PI_e® (4.4)

INote this is the same as in [6] but with A < A1



where . . ,
=Y ¢H I, =) E .= E (4.5)
=1 =0 =0

The theory may also be formulated using the Hamiltonian

R r
_ Lo 1 2 2 L 200
H —/0 dx <27T + i(am(b) +2m ;:0 a—?e (4.6)

where 7 is an r-component vector of the momenta 7; associated to the scalar fields ¢;. We have Poisson
brackets

{mi(z), ¢;(y)} = di6(x —y)  {mi(2), m;(y)} = {di(x), ¢ (y)} =0 (4.7)
and also _
T, = (bi (48)

5 Example: sl[(2)

The Lie algebra sl(n) consists of traceless real n x n matrices. A Cartan-Weyl basis for s[(2) is given by

o) el e

with
[H', E*'] = +2E+! (5.2)
so that there is just one simple root, a; = 2, which is also the highest root of the algebra. It follows that
the generators corresponding to the affine root g = —a are
H'=-H' E°=E" E’=FE' (5.3)

The Hamiltonian for this case is
R 1 1
H = / dx (271'2 + 5((%(;5)2 +m? cosh4¢> (5.4)
0

To illustrate how the Poisson bracket formulation works in practice, we derive the equations of motion:
. S| 5
) = (H.0(0)) = [ dy 5 ln(w)?. o))
R
— [ dyn()in(y). 6(0)
0

R

=, dym(y)d(y — z)

hence

p=m (5.5)

10



and also

R
i) = {Hn()} = [y (500,000 m(0)) + m{coshaotu), () )

R
| 0 (2,000, {610). 7()} + 42 sinh () {6 0). 7(2)) )
R
= | tn (= 0,00)0,5a — ) — am?sinh 46(3)50a )

R
= / dy Oj(b(y)é(x — y) — 4m? sinh 4¢(x)
0

having integrated by parts, and so
7 — ¢ = —4m?sinh 4¢ (5.6)

or

b — ¢ = —4m?sinh4¢ (5.7)
This is known as the sinh-Gordon equation.

5.1 The connection

Constructing the connection terms as defined in (4.3), (4.4), (4.5) we find

(1 0 0 A"1e2? + Ne 29
Uz, t,\)=¢ (0 1) +m ()\—16—%) + Ae2? 0 ) (5.8)

1 0 0 A\ le20 4 \em20
Vizt,A) =¢ (o —1) tm (—)\‘16‘24’ + 62 0 (5.9)

and it is straightforward to verify that the zero curvature condition gives the equation of motion
¢ — ¢" = —4m? sinh 4¢ (5.10)

which agrees with ([5.7)).
We now seek to gauge transform the connection U (x, ¢, ) into the form (2.10]).This is achieved as follows:
the non-constant transformation

e 0
o - ( . e¢> (5.11)
sends L =0, — U to
I __ (A / 1 0 _ 0 1 -1 0 64¢
L' =0, (¢+(b)(0 1) )\m(l 0) A m(e_w 0
and then applying
1 /1 1
g2 = % 1 -1 (5.12)
gives us
L'=08,-Xos—A—-\"'B (5.13)

where we have rescaled A = Am,

A= (o+¢) ((1) (1)> = (¢+ ¢y B=m? <Z?§Ejﬁ£ :225113;) = m? cosh4¢ o5 — m? sinh 4¢ oo
(5.14)

11



and the three Pauli matrices are

o1 = ((1) (1)) oy = (S _OZ) o3 = (é 01> (5.15)

Note that these satisfy o;0; = 18;; + i€50%.
We now claim that there exists a gauge transformation

w=T+> A Fwy (5.16)

such that

w Lw =8, — Ao + Z A FTL
k=0

where I, are diagonal and wy, are off-diagonal. Now, this means

(1 +y )\kwk> (ax — Aoz + Y A%) = (8, — Aoy — A—A\"'B) <I +y Akwk>
k=1 k=1

k=0

:»irkfk+§:xk“[ag,wk ZA wi,— Z/\ FAw,— ZA*’“*lek—A—xlB—ix%kixrf}
k=0 k=1

k=1 k=1 r=0
(5.17)
The first few terms in this sequence are given by
O : Iy + [o3,w1] = —A (5.18)
ON™Y) i I + [o3,ws] =w| — Awy — B— w1y (5.19)
O(>\_2) : fg + [0'3,(4)3] = w’2 — Awg — Bwy — wlfl - WQjO (520)
and in general
~ k ~
I + [03,wk+1] = w}c — Awp, — Bwg_1 — Zwrfk,T (521)

r=1

Next we note that for an arbitrary two-by-two matrix P = P; 4+ P,q we have [03, P| = 203P,q (where Py
denotes the diagonal part of P and P,; denotes the off-diagonal part). Thus we have a unique solution for
the recursion relations for (I, wy41) if we require wk+1 to be off- dlagonal and I to be diagonal.

We work out the first few terms. Equations ((5.18]) and ( give
Ip + 20301 = —(¢ + ¢ )0

hence

S
I

1 .
0w =—5(0+¢)io (5.22)
The next term is
. 1 .
I + 203wy = —§(¢ + ¢')ios + = ((b + ¢')%io109 — m? cosh 4¢ o3 + m? sinh 4¢ oy

hence

== (36+dPrntconio) o wa=-(f6+0) - putsmnio)or  G23)

12



Proceeding in this way we obtain

=06+ 97T = ios (—;(é £ OY" +Am cosh 496! + 5(D+ ¢)° +2(6 + &'y cosh 4¢>)

4
(5.24)
and also

-

i(‘ﬁ +¢') <_;(¢ +¢')" + 4m?® cosh4pg’ + %((i) +¢')? +2(¢ + ¢')m? cosh ¢
(5.25)
—%(aﬁ + ¢')'m? sinh 4¢ + %m‘l sinh? 4(;3] o3

We have thus shown that

Oy — U — 0, — o3 +Z)Fkl~k
k=1
SO

Uz, t,\) = Aos — Y AFI}
k=1

where I~;C = I,jag for k odd, and fk = I,j] for k even. Let us now construct the monodromy matrix

R
M(A) =Pexp </0 dx U(m,)\)>

As U is diagonal the path-ordering operator is not needed and we can easily write

exp (Jy e A= 2 A 0
0 exp (Jy da [+ 32, (D) HAREE] )

We now take the logarithm of the trace:

R LS
log 7 (\) = log [e/\R exp <—/ dx Z A‘W,j)
0 k=1

00 R
~AR=D ATF / dx I,7 + O(e= )
k=1 0

M) = (5.26)

R
1+ e P Rexp (—2/ dx Z A"U,j)]
0

k odd

as A — oo.

We conclude that the quantities
R
H} :/ da I} (5.27)
0

are local conserved quantities of the system. Note however that

+ 1 " ] /\2 1. /\2 R

Hy =< | dzdu(o+¢)" =2(0+¢)
8 Jo 8 0

which vanishes by our periodic boundary conditions, and thus is a trivial conserved quantity. Indeed every

even-indexed conserved quantity HQZ is trivial.

The same procedure can be carried out with only minor changes to obtain the quantities H, . In this
case we start with the gauge transformation g; = diag (e?,e~?) so as to obtain A"'o3 as our leading term;
we also end up with

A= (¢—¢")or  B=m?coshdpas+m?sinhdgioy (5.28)

13



and obtain

1,. 1 .
Iy =0 I =- <2(¢ — ¢ +m? cosh4¢> Iy = gaz@z) —¢')? (5.29)
It is interesting to note that
R 1 .
HE = _/ dx (2(¢ + ¢')? + m? cosh 4¢> (5.30)
0
are related to the Hamiltonian (5.4]) by
1 _
H = —i(Hl+ + Hy) (5.31)
and the momentum R
P= / dx ¢’ (5.32)
0
by
1 _
P= —g(Hfr —Hy) (5.33)

5.2 Light-cone coordinates

We can also switch to light-cone coordinates, defined by

xe=x+t (5.34)
with the corresponding derivatives
1
0y = 3 (0 = 0%) (5.35)
The light-cone connections are
1
Uy = i(U +V) (5.36)

with U, V as given at the start of the previous section. Explicitly,

10 0 7%
Ui = ﬂ:aid) (0 1) —|—m/\i1 <6i2¢ ¢ 0 ) (537)

To express the monodromy matrix in terms of these new operators, we use the fact that the zero curvature
condition allows us to deform our contour of integration at will, once the endpoints are fixed. Rather than
integrate from x = 0 to x = R we choose a two-segment path (figure 3):

_ R
t=73

rz=0 T = % =R
Figure 3: Lightcone factorisation of the monodromy matrix
The contour C; is defined by « = ¢ and hence x_ = 0 while z runs from 0 to R. The contour C_ is

defined by z = R —t, and so by periodicity we have ¢(R —t,t) = ¢(—t,t), hence this is equivalent to z = —t
so that x4 = 0 and z_ runs from 0 to R.
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The monodromy matrix M(X) then factors as

M) = M_(AMML(N) (5.38)
where
Mi(X) =Pexp (/ dry Ui(xi,)\)> (5.39)
Ct
Now let us form the two operators Ly = d+ — U+ and use the gauge transformation
e ? 0
to obtain
L+ — 8+ - )\0'3 - 28+¢0’1 (541)
_ 0 et¢
L. —0_—\"'m? (64¢ 0 ) (5.42)

having also rescaled A = Am.

We now focus just on L, ; the gauge transformation

_(* 2049
g= (0 \ ) (5.43)
takes us to (0,0)? o2
0 1 1 (0 4(04+¢)° —203¢
Letting U = 4(91¢)* — 202 ¢ and diagonalising we find
Sl -u
Ly — 0y — Aoz — A 15 (u u> (5.45)

We see that L is now in the form (5.13) but with A = 0. The gauge transformation w = I + Y ;2 A" Fwy,
can then be used to completely diagonalise L into the final form 0, — Aog — Z;OZO A1 the recursion

relations are as in equations ((5.18))-(5.21) with A = 0:

O(/\O) : INO + [0'3,(4)1] =0 (546)
O™ : I + [o3,wo] = wj — B—wily (5.47)
OA?) : I + [03,ws] = wh — Bwy —wi ]y — waly (5.48)
and in general
k
Iy, + o3, wks1] = wj, — Bwg_1 — Zwrfk,r (5.49)
r=1

We find immediately that Iy = wy = 0, and assuming as before that I, is diagonal and wy, is off-diagonal we
then have

Il = —503 Wy = Z(J'l (550)
~ u’
IQ =0 w3 = §i02 (551)
~ 1 9
.[3 = gu g3 (552)



We see that we have k, I, = I lj o3 for k odd and I,j some polynomial in the field and its derivatives, and
I, =0 for k even.

Returning to L_ we apply

9= % G _11> (5.53)

cosh4¢ —sinh4¢
sinh4¢ — cosh4¢

such that

L. —0_—\"'m? ( (5.54)

We now turn to the construction of the monodromy matrix. It is clear that

 fexp (AR — 32 Akt 0
Mi(\) = ( p( G0 ¢) exp (AR 3 A-’%;t)) (5.55)

with b = fc+ dr4 I, To calculate M_()) we expand

M_(X) =Pexp ( dz_ U_> ~ 1+ dz_U_
(o Cc_

which is allowable as we have U_ proportional to A~!, thus

N _ cosh4¢ —sinh4¢ _
M_(\) = T+ X"'m? /a da_ <Sinh4¢ _Cosh4¢> + 0\ (5.56)
from which
(et 0 _ ([ dx_ coshdg) et —([dz_sinhdg)e”
M) = ( 0 e‘) AT’ <(f dz_sinh4¢) et — ([ dw_ coshd¢) e~ (5.57)

where e* stand for the entries of M (\). Taking the trace we have

T(\) = tr M(\) = exp ()\R - i Akh;> (1 + A7 tm? / dx_ cosh4¢ + O(em’)) (5.58)

k=0

so that taking the logarithm for A — oo we find
logT(\) = AR - X\"'Hf +0(\7?%) (5.59)

where

Cc_

Hb = — </ dry (2(04¢)* — 03¢) +m* | dx_ cosh 4q’>> (5.60)
C+

Notice that the term aigb is a total derivative and so normally would vanish at the boundary. However we

do not have periodicity at the end points of the lightcone contours C+. Note also that 2(9, ¢)? = %(qb +¢')?

and that if we had expanded for A — 0 we would obtain

H =— (/ dr_ (2(0-¢)* —9%¢) +m? | day cosh4¢> (5.61)

Cy

displaying a certain similarity between these and the quantities H 1i found in normal coordinates.

By keeping terms of higher order in the above expansions we could generate the remaining conserved
quantities H3+ ,H 5+ . Interestingly these would involve multiple integrals in the exponential series for M_,
seemingly implying that these conserved quantities are not of the local type.
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Finally let us note that we can introduce a lightcone Hamiltonian formalism by defining the Poisson
brackets

1
{0(z4), 9(22)} = Je(ay —a)
1
{8z ), 0 )} = Je(o — ") (562)
{d(z4),0(a")} =
where ¢(z4) is understood to mean ¢ restricted to Cy, and e(x — y) is the step function,
1 2>y
ez —y) = { Ope(z —y) = 0(z —y) (5.63)
0 z<y
With these Poisson brackets we can recover the sinh-Gordon equation on the lightcone as
0,06 = {H},0-6} = —m* [ do’ {cosh10(a’ ),0:0}
= —4m2/dx, sinh4¢ 0 {¢(z"), p(z_)}
= m2/dx, sinh4¢d(z" —z_)
so that we obtain
040_¢ = m?sinh 4¢ (5.64)

Note that 040_¢ = (02 — 87)¢ so this agrees with (5.7).

5.3 The r-matrix

In order to give a complete picture of the s[(2) conserved quantities, we sketch here the derivation of the
r-matrix for the connection U(z,t, X). Recall from section 3 that we seek a 4 x 4 matrix r(A, u) such that

{U(z,N&U(y, )} = [r(h w), Uz, \) @ I + 1@ U(x, p)]b(z — y) (5.65)
It is easiest to write our connection (/5.8 in terms of the Pauli matrices as
U(x,t,\) =m0z +m(A+ A1) cosh2¢a; +m(A~ — \) cosh 2pi02 (5.66)

where 7 = ¢. We further define ko(A\) = m(A + A~1) and ki () = m(A~" — \) so that

1 ~

g{U(x, AU (x, 1)} = {k‘o(,u) sinh 2¢ o3 ® o1 + k1 (1) cosh 2¢ o3 ® iog — ko(A) sinh 2¢ 01 ® 03 (567
5.67

— k1(A\) cosh2¢ioy ® o3|d(x — y)

using the Poisson brackets (4.7). Next we write
PO\ 1), U @ 1+ 1@ U)o — y) = [rOh 1), m(os @ T+ 1 @ 03) + cosh 26(ko(Noy @ I + ko(u) ] @ )

+ sinh 2¢ (k1 (N)ioo@I+k1 (1) I®ios)]6(z—y)

which we want to equal (5.67). The first thing we note is that no terms containing a 7 factor appear in
(5.67), so seek our (A, p) so that it commutes with o3 ® I + I ® o3. Noting that (a ® b)(c ® d) = ac ® bd
we clearly have [I ® I,03 ® [ + 1 ® 03] = [03 ® 03,03 ®3 1 + I ® 03] = 0, while as 0;0; = —0;0; for distinct
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i,j we see that 01 ® o1 and 03 ® o2 also commute. Taking a small amount of inspiration from [I] we try the
following ansatz for r(\, u):

r(Ap) = f )T @1 —o03®03) + g\ p)(01 ® 01+ 02 ® 09) (5.68)

Our commutator then works out as
—of [cosh 26(ko(N)ios ® o5 + ko(1)os @ ioa) + sinh 26(ky (\)oy ® o5 + ki ()0 @ al} 5z — ) o
- 2g[cosh 26(ko(N)os @ ioy + ko(n)ioy @ o5 + sinh 2(ky (Ao @ oy + kl(u)c;'@o'g)} 5(z — ) (09

We now equate the coefficients of the matrix tensor products in (5.69)) and (5.67)), finding the four equations

o3 @01 = ko(p) = —fhki(pn) — gki(X) (5.70)
o1 ®03 = ko(A) = fki(\) + gki(p) (5.71)
o3 @10y = ki(p) = —fko() — gko(A) (5.72)
ioa ®o3 = ki(A\) = fko(\) + gko(u) (5.73)

Subtracting the third equation from the first we have

nf+Ag=p (5.74)
while subtracting the fourth from the second gives

Af+pg=-X (5.75)

We combine these into the one matrix equation
oA\ _ [
<A u) (9) - (—A> (570)

2 32
e+ A 2\
f= R g= ST (5.77)

Explicitly, we have found the r-matrix to be

which is easily solved by inversion, giving

0 0 0 0

2 0 p?2+X =2\ 0
’I"(A,,U) - M2 o )\2 0 _2)\’“ N2 + )\2 0 (578)

0 0 0 0

and thus shown the validity of equation (5.65) for s[(2) affine Toda field theory, which in turn implies the
relation

{T(z,y, QT (z,y, n)} = [r(A, ), T2, y,\) @ T(z,y, )] (5.79)

for T'(z,y, \) the transfer matrix. As explained in section 3, this guarantees that the conserved quantities
H ,;t are mutually Poisson commuting, and so ensures integrability.

6 Example: sl(3)

A Cartan-Weyl basis for the Lie algebra sl(3) consists of the following Cartan generators

(1t 0 0 ; [t 00
H'=—|0o -1 0 H*=—1(0 1 0 (6.1)
2\0 0 o 2V3\p 0 —2
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together with the following step operators

010 00 0
E'=(0 0 0] E'=[100 (6.2)
00 0 00 0
00 0 00 0
E’=[0 0 1] EZ2=(0 0 0 (6.3)
00 0 010
00 1 00 0
Ei=10 0 0] E3=(0 0 0 (6.4)
00 0 100
where the roots are
1 3 1 3
+ay = (£1,0) T = <3F2,i\2[> +oas = <i2,j:\2f> (6.5)

We take a; and as to be our simple roots, so that as = a; + ag is the highest root. The affine root is then
ap = —ag with corresponding step operators E° = E=3 and E~0 = E3.
From (4.6)) the Hamiltonian is

R

1 1 1 1 -

H :/ dx (27_(_% + 57_‘,% + 5(895(]51)2 + §(a$¢2)2 +9m?2 |:62d>1 +e*¢1+\/§¢2 +6¢1\/§¢2:|> (66)
0

with the Poisson brackets 1' giving m; = zj)l, Ty = gz.$2 and so equations of motion

&1 . /1/ — _om?2 (262¢>1 _ e¢1+\/§¢2 _ e—¢1—\/§¢2> (6.7)

(%2 — ¢l = —9v/3m?2 (e¢1+\/§¢2 _ e*¢>1*\/§¢2) (6.8)

6.1 The connection

From equations (4.3)), (4.4)), (4.5) we have the following connection:

1 d.)l + %¢2 0 0 0 )\_le¢'1 /\e_% 1_§¢2
Uz, t,A) = 3 0 —¢1+ %@ 0 +m Ae?1 0 Ale—3e1+%3 6o
2 2 1 _lg, 3 _1 V3
0 0 _%(ZSQ A 16 2¢1 2 (152 Ae 2¢1+ p] ¢2 O
(6.9)
1 ¢/1 + %(bé 0 0 0 — A\ Lleft /\e—%dh—@dh
Vi(z,t,A) = 9 0 —¢1 + %% 0 +m et 0 —)\_16_%¢1+§¢2
0 0 _%gbé *)\7167%(1717?(172 )\6*%¢1+§¢2 0
(6.10)

Applying the zero curvature condition to this connection leads to the equations of motion , , as
can be directly verified.

We next consider the operator L = 0, — U. For slight notational convenience we rescale the fields as

1 1
pL=Egh 2= ﬁ% (6.11)
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Then the gauge transformation

e~ P1L—P2 0 0
g1 = 0 er1e2 0 (6.12)
0 0 e2e2
sends L to the form
0 01 P14+ @1+ 2+ ) 0 0 0 eher 0
Op=Am |1 0 0 f— 0 P2+ 9y —P1— @) 0 “A"'m 0 0 e 2pt0e2
010 0 0 ~2(p2 + ) et 0

We now also rescale A = mA and we define f; = @; + ¢}, i = 1,2 as well as z = ete = 2911602
79 ) ) y )
z = e 2917692 before applying the gauge transformation

1 1 1 1 ,
gp=—7 (1 & w w= e/ (6.13)
\/3 1 w W2
to find that
L—0,-\E—-A-)\"'B (6.14)
where
1 0 0
E={0 v o0 (6.15)
0 0 w?
1 0 (1—wh)fi —3wfo (1—-w)fi —3w?fs
A= 3 (1—w)fi —3w?f 0 (1 —w?)fi —3wfo (6.16)
(1-w’)fi=3wfr (1-w)fi —3u2f 0
m2 r+y+z  Drtwytz wrt+wilytz
B:? r+wy+wlz Wrrztytz) wrtytwiz (6.17)

r+wlytwz Wrtwytz w@ty+z)

having noted the relation 1 + w + w? = 0.

Our connection L is now in the same form (5.13]) as we obtained for the s[(2) connection in the previous
section, so that we can apply the gauge transformation Y - A~Fwy, that sends the connection to the desired
form

0p — AE+ Y AT, (6.18)
k=1
with the same recursion relations as before:
Io+[E,w]=-A (6.19)
I~1+[E,WQ] :w; —Awl —B—wlio (620)
and
~ k ~
I+ [E,wi41] = w,; — Awy, — Bwp_1 — Zwrlk—r (6.21)
r=1

To solve these we again assume wy, is off-diagonal and I, is diagonal. Note that if

0
W= 1T
t

ISP eS|
O »
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then

0 p(l-w) q(l-w?)
[E,wi] = | r(w—1) 0 s(w —w?)
tw?—-1) uw? —w) 0
It is then simple to obtain
~ 1 0 Wi+ (w—1)fa wfi+(wW?—1)f2
=0 wi=g[A+@-wp 0 wh = (@ -1y (622)
fi—(w—=w)fa W*fi = (w—1)f 0
We find that I; = —(Awn)|diag — Bldiag is given by
3 1 1 0 0O
11:—§(f12+3f22+m2(x+y+z)) 0 w? 0 (6.23)
0 0 w
so that our first conserved quantity is
1 R
1 == [ e (6 ) + 3 @)+ (191 o0 i) (620)
0
or, changing back to the original field variables ¢;,
n I L e Lo 2 o2 260 L —e14vBés L —d1—V30
i = =3 [ de (060 + J(Ba + 0)? 4[24 etV VI (6.25)
0

By choosing the first gauge transformation (6.12) to be g; = diag (e¥1 792, e~¥17%2 ¢7292) we can carry out
the above procedure with the leading term being proportional to A~!, we then obtain

I . I
iy == [ (- 602+ ) s [0 otV ) (6a0)

so that the Hamiltonian is given by
H=-3(H{ +Hy) (6.27)
while the momentum is R
P=-3(H, —Hy) =/0 dz (¢51¢’1+d'>2¢’2) (6.28)

It is of course also possible to investigate the s[(3) in lightcone coordinates and to obtain its r-matrix: indeed
a general formula for the r-matrices of affine Toda field theory is well-known, see for instance [5].

7 Deformations of s[(2) solutions and KdV flows

7.1 Higher Hamiltonian flows

In the previous sections we have shown how to obtain an infinite number of Poisson-commuting conserved
quantities, H ,f We can take each of these quantities as a Hamiltonian, and introduce auxiliary time
parameters tf so that we can evolve our fields ¢; by

9¢;
ot

— {HE ¢:} (7.1)
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We thus obtain fields
bi = gilx, t,t5 t5,...) (7.2)

which are solutions not only to the original affine Toda field equations, but also to the infinity of higher
Hamiltonian flows defined by - this compatibility is ensured by the mutual commutativity of all the
H ,;t amongst themselves and with the original Hamiltonian, which also shows that each of these equations
are themselves integrable.

7.2 Obtaining the MKdV equation from lightcone s((2)

As an example we consider affine s[(2) Toda theory on the lightcone. We focus on the positive lightcone
contour C4 where we had the conserved quantity (5.52)) given by

1
=1 / dry (A(040)? — 202 )2 (7.3)
8 Je,
We calculate at; 0L = {h:{, 0+ } using the lightcone Poisson brackets 1)

1
{p(4),0(2)} = 15($+ - )
Dropping the subscript + for convenience, we have
(hi,00) = / dz (2(06)° — 9°6) {2(06)° — 0%6,0'3(«"))
— [ dx (2(00)° - 920) (496{06.96(s")} - 0/ (612, 9(a")})
_ 7% /dz (2(06)? — 826) (40606 (x — o) — 0%8(x — ')
_ 2 92 1. 2 92
= 0 (2000)° = 9%6) 06) + 1% (2(00)* - %)
having integrated by parts. Evaluating the derivatives, we find
1
Oy 049 = —Zaiﬁb +6(040)°0% 6 (7.4)
and rescaling u = 20, ¢, T = it;, we find the modified KdV equation in the form
Ut + U+++ — 6u2u+ = O (75)

with subscripts denoting derivatives.

8 Conclusion

We have thus shown how to exploit the zero curvature condition
[0 —V,0, —U]=0 (8.1)

to construct an infinite number of conserved quantities. The fact that this is possible is a remarkable feature
of integrable systems.

Although we used the examples of s1(2) and s[(3) in this review, the general methodology should apply
to any system which admits a zero curvature representation. Hence the ideas we have discussed provide
powerful tools for many problems.
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Asides from the zero curvature condition, the other central theme we have discussed is the Hamiltonian
formalism. The use of Poisson brackets and the introduction of r-matrices provided important insights into
the integrability of affine Toda field theory, and again apply extensively throughout the field of integrable
systems.

We mention here one subtlety that arose in the writing of this report. In the theory of affine s[(2) in
lightcone coordinates we used the unusual gauge transformation (b.43)). This was to ensure the appearance
of the total derivative term 3_%(;5 in the our answer for H;", in agreement with for instance [9]. Had we carried
on without this gauge transformation we would not have obtained this term, which is slightly mysterious.
This issue seems to involve the non-periodicity of the lightcone fields, which should require an additional
gauge transformation of the monodromy matrices M4 (\) - however when we implemented this correction
we failed to find the necessary terms. It would seem there is some subtle point here that we did not have
time to cover in this review.

A Lie algebras and affine Lie algebras

We review some background material on Lie algebras, drawing on the presentations in [7], [§].

A.1 Lie algebras

We consider first an ordinary finite-dimensional compact connected Lie group G with associated Lie algebra
g. Recall that a Lie group is a group with the structure of a smooth manifold, and its Lie algebra consists
of the tangent space to the group at the identity, the idea being that in the vicinity of the identity we can
expand a general group element g as

g~ 1—1iT%,

where x, are some infinitesimal parameters and the T are elements of the Lie algebra, called the generators
of the group.

Mathematically the Lie algebra has a vector space structure, with the T, forming a basis. We also have
a bilinear skew-symmetric form [-,-] : g X g — g called the Lie product, which satisfies Jacobi’s identity:
[X,[Y, Z]]+ cyclic permutations = 0 for any X,Y,Z € g. In the case of a matrix Lie group (or a matrix
representation of a Lie group) the Lie product is simply the matrix commutator. We will implicitly assume
we are dealing with this case in what follows.

The starting point in classifying Lie algebras is to find the largest possible set of (Hermitian) generators
which commute with each other under the Lie product. This set is called the Cartan subalgebra, and we
denote its elements (the Cartan generators) by H® i = 1,...,r. We then take a basis for g in which the
remaining generators E® satisfy the eigenvalue equations

[H,E®| =a'E*  i=1,...r

The r-component vector a = (o) is called a root vector. By conjugating the above equation we find that
E*T = E~ has root vector —a. In fact =« are the only possible scalar multiples of a root o which are also
roots. Note that for any of the Cartan generators H* the root vector is the zero vector.

The set {H!, E*:i=1,...,7,aa root } then forms a basis for the Lie algebra known as the Cartan-Weyl
basis. The matrices ET® can be thought of as raising and lowering operators, as if we suppose v, is a common
eigenvector of the H' such that H'v,, = p'v,, then H'E*%, = [H', E**|v,+ E¥*H'v,, = (£a'+pu) E¥%v,,.

The Jacobi identity with X = H*, Y = E® and Z = E® shows that

[H,[E“, E]] = (o + B)[E~, B

and so for a # —f3, [E%, EP] = e(a, B)E“TP if a + f3 is also a root, for some number (a, 8). If a+ 3 is not
a root, then [E, EA] = 0. For the final case, if a = —3 then [E®, EA] commutes with all H* and so must
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be expressible as a linear combination of the H?. In fact we can choose our basis such that
_ 2a-H
=—=

[ECM7E—OL] (X'HEO{lHl‘i'""FOéTHT

The benefit of this is that for all roots o then EX® and QZ;H forms an algebra isomorphic to that of
su(2), which is well known to physicists as corresponding to the quantum mechanical description of angular
momentum. This then allows us to define representations of our Lie algebra g.

However for our purposes, the only point we want to note from the theory of su(2) is that 22'2H has
integral eigenvalues. In particular if we consider the adjoint representation defined by the action of the Lie
algebra on itself

ad X(Y) = [X,Y]
then clearly o - H has eigenvalues « - 8 for $ a root, and we conclude that for all roots «, 8

2a0- 3

- €Z

(07

Let us now consider the space of roots a. We can choose an r-dimensional basis {a(;) : i = 1,...,7} such
that any root is expressed as a linear combination

o = XT: nia(i)
i=1

where the n; are integers, which are either all positive or zero (in which case we say the root « is positive)
or all negative or zero (in which case we say the root « is negative). The sum of all the n; for a root « is
called the height of the root, while the basis elements « ;) are called simple roots.

We end our discussion by noting the remarkable fact that any Lie algebra is completely determined by its
simple roots, as it is possible to reconstruct the entire root system by taking appropriate linear combinations
of simple roots. There is even a way to encode all the information about the simple roots in a matrix called
the Cartan matrix, with entries defined by

a . . a .
Ay =2 (@) . (4)
0
For any Cartan matrix A all the entries are integers, with 2s on the diagonal and the off-diagonal entires
zero or negative.

It is also possible to represent this graphically, using Dynkin diagrams, where each simple root is repre-
sented by a dot, with 0,1,2 or 3 lines joining the dots depending on whether the angle between the roots is
0, 120, 135 or 150 degrees. Longer roots are represented by shaded dots (for a simple Lie algebra there are
at most two roots lengths).

A.2 Affine Lie algebras

An affine Lie algebra is a certain type of infinite-dimensional Lie algebra. The starting point in their
construction is to consider G, the set of smooth maps from the circle S! into a finite-dimensional compact
connected Lie group G. This forms an infinite-dimensional Lie group known as the loop group of G.

Let v : 2 — v(2) be an element of G. We can write v(z) as
V(2) = exp(=T"0a(2)) = 1 —iT0,(2)

where the T, are the generators of the Lie group (i.e. the basis elements of the Lie algebra), and 6,(z) are
certain functions defined on the circle. On the right-hand side we have expanded 7(z) about the identity

element. If we now also expand 6,(z) = >.°_60,™2" as a Laurent polynomial in z we find

W)~ 1 =i YT, 07(2)

24



which implies we should take
T =T%"

as generators for the loop algebra. The defining commutation relations are
[Tﬁ7 T:rLL] = ifabcTrier

Next we append a single extra element k to the Lie algebra, with the defining property that it commutes
with all elements of the Lie algebra. For a simple compact Lie group the element k, which is known as a
central extension of the Lie algebra, enters into the commutation relations as

[T’I’%’ T’rIZ] = ifabchr%+n + km6ab(sm+n70

In all cases that we will discuss, however, we may set £k = 0. Now, k also lies in the Cartan subalgebra, the
elements of which are now written as H{. The equations for the root vectors are

[Hé,E;ﬂ = O‘iEro; [kvE;ﬂ =0

This would imply we take as roots (a,0) - however these are infinitely degenerate with respect to k. To
remove this degeneracy we add one last element to our algebra, in the form of a derivation d which satisfies

[d, T =nT? [dk]=0 di=d

; _ ., d
Concretely, we can write d = z .

We now have all the components of our affine Lie algebra in place. The Cartan subalgebra consists of
H{,k and d, with roots
(a,0,m)

corresponding to the step operators E7}, and
nd = (0,0,n)

corresponding to the generators H.

Our new simple roots are given by
a; = ((;),0,0) i=1,...,r ag = (—1,0,1)

where the a(;) are the simple roots of the original Lie algebra g and ¢ is the highest root of that algebra.

The reasoning here is that for a given value of n we can form any root («,0,n) by adding simple roots
to nag = (—nw,0,n). Thus the roots ag, a; form a basis for the root system of the affine Lie algebra.

Finally, we define a scalar product by
(o, kym) - (B,L,m)=a-f+km+In

(This is a result of seeking a symmetric scalar product invariant under the action of the group G on the
Lie algebra.) Hence in practice for affine roots (a,0,n), (8,0, m) the scalar product agrees with that for
non-affine roots: (a,0,n)-(8,0,m) =a-f.

In practice this means when constructing an affine Lie algebra out of a normal finite-dimensional one
g, we start with the root system of g and find the highest root ¥. Then we define the affine simple root
a9y = —% and so essentially have the complete root system. We may also extend our definition of the Cartan
matrix so that ¢, 7 run from 0 to r rather than from 1 to r, and append an extra node to the corresponding
Dynkin diagram.
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