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Abstract

Quantum Chromo-Dynamics (QCD) is now well established as the theory
for strong interaction of quarks and gluon, which construct hadrons. QCD
has the typical properties of “asymptotic freedom” and “color confinement”.
The asymptotic freedom gives the peculiar feature that the quarks and gluon
behave as free particles in high energy limit. Therefore in the high energy
region the quark-gluon system can be investigated with perturbative QCD
(pQCD). On the other hand, the color confinement says that the quarks and
gluon never appear explicitly. Instead they emerge as a bound state hadron.
The color confinement process is beyond the perturbative treatment of QCD.
The experiments which include hadrons are inevitably accompanied by the
problem of the color confinement if they are analyzed by QCD.

However, in the high energy region, the color confinement problem can
be avoided effectively by introducing parton distribution functions (PDFs)
and fragmentation functions (FFs). The PDFs and FFs contain all the in-
formation of the structure of hadron as the composition of quarks and gluon.
Therefore many kinds of high energy processes including hadrons can be
comprehensively analyzed in the pQCD framework with the PDFs and FFs.
The information of the inner structure of hadron can be approached through
the PDFs and FFs.

At first, in my thesis I summarize the general theoretical background
which is needed for analyzing the high energy experiments in the pQCD
framework. As an application of the framework, I analyzed the polarized
hard processes, polarized deep inelastic scattering (polarized DIS) and po-
larized semi-inclusive deep inelastic scattering (polarized SIDIS). From the
analysis I extracted the information on the spin structure of proton through
polarized PDFs (helicity distribution functions) of the proton. The SIDIS
process provides an effective way to distinguish the distributions of different
quark species, which is not possible by the DIS alone without some additional
assumptions. I included polarized SIDIS data published recently by HER-
MES in the analysis and investigated the description of the spin structure
without the assumption.
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Chapter 1

Introduction

More than 30 years have past since Quantum Chromo-Dynamics (QCD)
appeared as a candidate for the strong interaction describing hadrons. QCD,
as a non-Abelian gauge field theory, has the peculiar feature, “asymptotic
freedom”. On the other hand, QCD is considered to have another feature,
“color confinement”, requiring that asymptotic fields, which are observed as
particles, must be the color singlet. This means the inner freedoms of QCD,
called “color”, and its ingredients, quarks and gluon, never appear explicitly.
Instead, they appear only as a bond state hadron like a proton. Therefore
QCD cannot be checked directly unlike the case in quantum electrodynamics.
The system described by QCD cannot be completely investigated without
the information of the inner structure of the hadron. However, the QCD
prediction of the mechanism of how the hadron is constructed by quarks and
gluon cannot be easy because the interaction between quarks and gluon is
too strong and beyond the well-known perturbative treatment.

In spite of the troublesome color confinement, the validity of QCD as the
fundamental interaction of quarks and gluon still can be checked through high
energy experiments. The asymptotic freedom of QCD plays an important role
in the investigation. It says that, in high energy limit, the QCD interaction
becomes weak enough that quarks and gluon in the hadron can be described
well as free particles. Therefore, in such a high energy region, the behavior
of quarks and gluon can be calculated by the perturbative QCD (pQCD).
The problem of the color confinement can be avoided by the factorization,
which enable the long distance physics to be effectively factored out from the
short distance physics, which is described well by pQCD. The long distance
information of how quarks and gluon exist or are distributed in a hadron is
absorbed in the parton distribution functions (PDFs) or the fragmentation
functions (FFs). PDFs and FFs have all information of the hadron formation
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with quarks and gluon. Through the search of high energy experiments in the
pQCD framework, we can approach the long distance information. Though
PDFs and FFs must be explained only by the framework of QCD, the non-
perturbative treatment of QCD is needed for a full explanation. It can be
said that the information beyond pQCD is practically constrained into PDFs
or FFs. Once the factorization is admitted, by virtue of the universality of
QCD, PDFs and FFs, we can predict the results of many kinds of high energy
experiments only by the pQCD framework. In other words, we can check
the consistency of PDFs or FFs through the experiments, and get better
understanding of the hadron structure through PDFs or FFs.

By many experiments like single-inclusive hadron detection of e+ e− anni-
hilation (SIA) or deep inelastic scattering (DIS) in the last 30 years, nobody
seems to doubt the validity of QCD nowadays. In chapter 2, I summarized
the theoretical background needed for understanding of the hard processes
in pQCD framework and listed the results of the pQCD for these processes.

By the virtue of many experiments, unpolarized hard processes is now
already well established and the structure of unpolarized hadrons are well
understood through the unpolarized PDFs extracted from these processes.
Now polarized hard processes and the structure of polarized hadrons are
being studied intensively.

In my thesis, I analyzed polarized DIS and polarized semi-inclusive DIS
experiments to obtain the information of the spin structure of proton through
polarized (proton) PDFs, based on the results of the pQCD framework estab-
lished in a recent decade without touching its theoretical subtlety in detail.
The theoretical results were also listed in the end of chapter 2. The semi-
inclusive DIS (SIDIS) process enables to distinguish the quark and anti-quark
or different flavor PDFs by the existence of FFs in the process. This decom-
position was impossible only by the analysis of DIS process without some
additional assumption. In my analysis, I included polarized SIDIS data pub-
lished recently by HERMES. In chapter 3, I mentioned the polarized DIS
processes in more detail from the general point of view and manifested how
my analysis went through. In chapter 4, I listed the result of my analysis and
discussed how the SIDIS data affected the determination of polarized PDFs.
In chapter 5, I gave the conclusion of my analysis and the prospects for the
future study.

This thesis is at the same time a preparation of my coming doctor course
study where I plan to keep the QCD analysis. Therefore I mentioned the
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theoretical background somewhat in detail for better understanding.

Finally, in Appendix, I summarized the brief study of gyro dynamics.
As the classical picture of spin, the better understanding of gyro dynam-
ics was helpful to comprehend the spin dynamics needed for spin-concerned
experiments like HERMES.
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Chapter 2

QCD and hard processes

Lagrangian of QCD is simply given from the requirement of the local gauge
symmetry (SU(3)) to the three inner freedoms, called color, of the the fun-
damental fermion ψ, called quark. Then the Lagrangian is written as

LQCD = −1

4
F a
µν F

µνa + ψ̄ (i γµDµ −m) ψ (2.1)

Dµ =
(

∂µ − igAaµT
a
)

(T a = λa/2) (2.2)

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gf ab cAbµA

c
ν , (2.3)

where λa is Gell-Mann matrix, m is the mass of the quark, g is the gauge
coupling, a is color octet index and fab c is the structure constant of SU(3)
and the gauge field Aa

µ is called gluon. It is found that there are many quarks
which are different only for their masses and all of these quarks are described
equally in the framework of QCD. The number of quarks, called flavor, is
now 6 (up, down, charm, strange, top, bottom). (Each quark has its anti-
particle.) However, when the quarks couple with electromagnetic field, there
is the difference between quarks. The up, charm, bottom quarks have the
electric charge 2/3 e, and the down, strange, bottom have −1/3 e, where e is
the positron charge.

Now it is strongly believed that hadrons are composed of these quarks
and gluon and QCD can describe the fundamental interaction of them, called
strong interaction. This can be rewritten that hadrons can be described
by the interaction of quarks and gluon in the framework of QCD. It is also
believed that QCD has the peculiar feature of “color confinement”, which says
that asymptotic field of quarks observed as a particle must be the color singlet
bound state of quarks. So, quarks and gluons as the ingredients of QCD are
never observed directly and are confined in the hadron as the realization of
the color singlet bound state. It can be said that the investigation of QCD
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is never separated from that of the inner structure of hadrons.

In the framework of the interacting field theory, the well-known tool for its
analysis is only the perturbative method. As the name of strong interaction
indicates, the coupling constant of QCD is large in usual energy scale (� 1
GeV) so the perturbative method cannot be applied to QCD in such energy
scale. However, as indicated in the section 2.3, QCD as a Non-Abelian
field theory has the proper feature of “asymptotic free behavior”, which says
that as the energy (momentum) scale of the system increases, the system
described by QCD behaves almost as the free field theory. The interactions
between quarks are getting lost. Around the energy scale, the coupling of
quark and gluon gets weak enough (but still stronger than electromagnetic
coupling) and the behavior of the system can be analyzable by applying the
perturbative method to QCD.

Indeed there still exists the problem of the color confinement as how the
quark-gluon system constructs a hadron, but this long distance nature of
QCD can be factored out effectively in the language of parton distribution
functions. In other words, the information how the hadron is constructed
by quarks and gluon can be absorbed in the parton distribution functions.
Therefore high energy experiments carried out widely can be still analyzable
in the framework of the perturbative QCD (pQCD), and the information of
the inner structure of hadrons can be extracted through the parton distribu-
tion functions.

The aims of this chapter are to make it clear how QCD works in the
prediction of high energy experiments like deep inelastic scattering and what
kind of information QCD provides for the inner structure of hadron from
these high energy experiments, mainly focusing on its formalism.

2.1 Deep Inelastic Scattering

Deep inelastic scattering (DIS) is typical high energy experiment. For the
moment, arguments are restricted in DIS. DIS is the process like

e + p→ e′ +X , (2.4)

and diagrammatically expressed as Fig. 2.1.
The electron e is scattered hard off the target proton p to e′. The hard
scattering breaks the target and creates a large number of particles X. DIS
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p

q

X

k
e

e′

k′

P

Figure 2.1: diagram of DIS

is the process that the produced particles X are not measured.

It was turned out that the process could be described to some extent in a
picture of a target hadron as a composition of a loosely bound constituents,
called partons. They are fermions carrying electric charge or other neutral
species to bind them in a hadron. With the parton model, DIS process is
considered as an electron scattering from the almost free charged parton.
The electron knocks the parton out of the target proton and the struck par-
ton exchanges the momentum with the remainder of the proton. Finally, all
the pieces of the proton emerges as a jet of hadrons.

P

e

e′

γ

X

Figure 2.2: description of DIS in the parton model

The cross section of the interaction reduces to that of the electron parton
interaction. The other information needed for the formulation of the par-

11



ton model DIS cross section is the parton distribution function (PDF) fi(x)
which defines the momentum distribution of a parton i in a hadron. fi(x)
expresses the probability density that a hadron contains a parton i with the
longitudinal momentum fraction x of the hadron momentum. So fi(x) must
satisfy the following momentum conservation law.

∑

i

∫ 1

0

dxxfi(x) = 1, (2.5)

where the sum is over the all parton species.
With the PDFs the cross section is given as

d2 σ

dx dy
(ep→ e′X) =

2πα2s

Q4

(

∑

i

Q2
ixfi(x)

)

[1 + (1 − y)2], (2.6)

where α = e2/4π, Qi is the charge of the parton i in the unit of the positron
charge, s is the invariant mass squared of the system (P + k)2 and x, y, Q2

are

x =
−q2

2P · q (Bjorken x) (2.7)

y =
2P · q
2P · k (2.8)

Q2 = −q2 . (2.9)

These quantities defined by P and q are commonly used in DIS.

Eq.(2.6) says that, divided by an appropriate factor

s

Q4
[1 + (1 − y)2] ,

the DIS cross section gives a quantity which depends only on x and not on
Q2. This scale independent behavior observed in DIS experiments is called
“Bjorken scaling” [1]. Bjorken scaling is the statement that the structure of
the proton looks the same to the electron no matter how hard the electron
strikes.

By the progress of understanding of QCD as the fundamental interaction
in hadrons, partons are now perceived as the quarks and gluon. Intuitively
the loose bound picture of quarks seems to incorporate the interpretation of
QCD as the strong interaction. The important thing is the parton picture
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is true in the high energy scale Q2. In the high energy scale the system
of QCD behaves as the free field. Therefore the parton model description
becomes consistent with QCD. However, as the scale becomes smaller, the
model, or equivalently Bjorken scaling would be expected to break down.
The cross section would receive corrections to the scaling behavior and the
correction would mainly come from that of the QCD because of its stronger
coupling than that of QED. How the correction to the parton model is given
in the framework of QCD is the main subject of the rest of this chapter.
(However it would be important to note that these is still limitation for the
prediction of fi(x) because it depends on the details of the structure of the
hadron. It is not known how to predict them from the first principle because
it is beyond the perturbative treatment.)

Now let’s try to deal with DIS more quantitatively in the framework of
QCD. The matrix element of DIS can be written as

iM(ep→ e′X) = (ie)ū(k′)γµu(k)
−i
q2

∫

d4xeiq·x(−ie)〈X|Jµ(x)|P 〉 , (2.10)

where e is the positron (elementary) charge and Jµ is the electromagnetic
current of quarks (the coupling of quarks to the electromagnetic field):

Jµ =
∑

f

Qf q̄fγ
µqf , (2.11)

where the sum runs over the quark flavor f and Qf is the electric charge of
quark qf in the unit of the positron charge. Then the cross section becomes,
with the electron mass neglected,

σ(ep→ e′X) =
2πe4

s

∫

d3 k′

(2π)32k′0
(

1

q2
)2Lµν(k, k

′)W µν(P, q) (2.12)

Lµν(k, k
′) =

1

2

∑

spins

[ū(k)γµu(k
′)ū(k′)γνu(k)] (2.13)

W µν(P, q) =
1

4π

1

2

∑

proton
spin

∑

X

∫

dΠX〈P |Jµ(−q)|X〉〈X|Jν(q)|P 〉 , (2.14)

where the spin sum in the lepton tensor is done over the spin states of the
initial and final electron,

∑

X is the sum over the possible final hadron sys-
tems including its spin states and dΠX is the invariant phase space of the
final hadron system X.

13



Eq.(2.12) can be changed to a more accessible form. At first, I am going
to decompose the hadron tensor to the possible function form. Because Jµ

is the Hermite operator, W µν = W νµ∗ and it must be expressed in terms of
the real symmetric tensor Sµν and the real asymmetric tensor Aµν as

W µν = Sµν + iAµν . (2.15)

Indeed W can be arbitrary function of P and q (proton spin state is already
summed up), but, by the conservation of the electromagnetic current (Ward
identity), W is required to satisfy

qµW
µν = qνW

µν = 0 . (2.16)

Then the possible tensor structure by P µ and qµ is restricted to

(

−gµν +
qµqν

q2

)

,

(

P µ − (P · q) qµ
q2

)(

P ν − (P · q) qν
q2

)

, iεµνρσPρqσ ,

(2.17)
where εµνρσ is the 4th rank Levi-Civita antisymmetric tensor, and the third
term contributes to the asymmetric tensor Aµν . Noted that the lepton tensor
Lµν becomes symmetric after the sum of the spin state, the asymmetric term
is dropped in this process. (For the case of deep inelastic neutrino scattering,
the asymmetric term in the hadron tensor remains.) After all, the hadron
tensor W µν can be written in terms of real functions F1, F2 as

W µν =

(

−gµν +
qµqν

q2

)

F1(P, q)

+

(

P µ − (P · q) qµ
q2

)(

P ν − (P · q) qν
q2

)

F2(P, q)

P · q , (2.18)

where P · q are added just for the definition of F2. F1 and F2 are called
“structure function”s and they contain all of the information of the inner
structure of the target proton.

In case of the polarized DIS, because the spin state of the target proton
and initial electron is not summed up, the structure of the hadron tensor is
modified and expressed as follows.

W µν = Eq.(2.18)

+ iMεµνρσqρ

(

Sσ
P · q (g1(P, q) + g2(P, q)) − Pσ

S · q
(P · q)2

g2(P, q)

)

,

(2.19)
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where M is the proton mass, Sµ is the proton spin vector εµνρσσνρPσ and
g1, g2 are the spin-dependent structure functions. In any case, it is true that
the structure functions contain all the information of the target proton.

After the calculation of the lepton tensor, the differential cross section of
unpolarized DIS can be expressed in terms of F1 and F2 as

d2σ

dx dy
(ep→ e′X) =

4πα2s

Q4

(

(1 − y)(
M2

2P · k + 1)F2(x,Q
2) + xy2F1(x,Q

2)

)

.

(2.20)

It is clear that what is needed for analyzing DIS reduces to the calculation
of the hadron tensor Eq.(2.14). To calculate the hadron tensor effectively,
the optical theorem is applied to the squared matrix element,

∑

X

∫

dΠX〈P |Jµ(−q)|X〉〈X|Jν(q)|P 〉 . (2.21)

The following equation is derived from the optical theorem for the squared
matrix element.

∑

X

∫

dΠX〈P |Jµ(−q)|X〉〈X|Jν(q)|P 〉

= 2 Im

(

i

∫

d4xeiq·x〈P |T (Jµ(x)Jν(0))|P 〉
)

. (2.22)

This is expressed diagrammatically as Fig. 2.3.

X 2 Im

2

X

Σ
P P

Figure 2.3: optical theorem

Now the calculation reduces to the evaluation of the matrix element of the
product of operators. Note that in DIS q (exactly q2) is so large, the region
x ∼ 0 becomes more effective to the integral. A product of operators located
at almost the same space-time point is generally known to be decomposed
to the sum of composite (local) operators. This expansion of an operator
product to operators is called “operator product expansion”. In the next
section, I am going to mention the feature of the operator product expansion.
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2.2 Operator product expansion (OPE)

The operator product expansion (OPE) suggested first by Wilson [2] is ex-
pressed representatively as

A(
ξ

2
)B(−ξ

2
)

ξ→0∼
∑

i

Ci(ξ)Oi(0) , (2.23)

where A, B, O are composite operators and ξ is an arbitrary space-time
vector. OPE is also called Wilson expansion. The most important property
of OPE is that the coefficient Ci(ξ) behaves as

Ci(ξ)
ξ→0∼

(

1

ξ

)dA+dB−di

, (2.24)

where dA, dB, di are the dimensions of the composite operators A, B, O re-
spectively. Therefore in the short distance limit ξ ' 0, the behavior of the
operator product is dominated by the first few lower dimension terms in the
OPE. The proof of OPE based on BPHZ method can be found in [3].

In case of DIS, correctly speaking, the product of the current operator
must be considered in the limit ξ2 → 0. This limit is called “light-cone limit”.
Then OPE receives a slight modification as

A(
ξ

2
)B(−ξ

2
)

ξ2→0∼
∑

i, n

Ci
n(ξ

2) ξµ1 · · · ξµnOi
µ1···µn

(0) . (2.25)

Then the behavior of the coefficient Cn
i (x) becomes

Ci
n(ξ

2)
ξ2→0∼

(

1

ξ2

)(dA+dB−di+n)/2

. (2.26)

di − n determining the dominant terms is called “twist”. The higher twist
term becomes less dominant.

For example, in case of DIS, the lowest twist (twist 2) operators which
appear in the light-cone OPE of the product of the quark current q̄γq are
given as

OF
µi···µn

= in−1 q̄ S〈γµ1
Dµ2

· · ·Dµn〉 q − traces , (2.27)

OV
µi···µn

= in−2S〈F a1
µ1ν

Da1a2
µ2

· · ·Dan−2an−1

µn−1
F an−1ν
µn

〉 − traces , (2.28)

(D a b
µ = ∂muδ

a b + gfacbA
c
µ), (2.29)
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where Dµ is the covariant derivative Eq.(2.2) and the bracket with the symbol
“S” means making the covariant indices µ1 · · ·µn symmetric and “traces”
means subtracting terms proportional to gµν to make the operator traceless
on any pairs of the covariant indices. For example,

S 〈γµγν〉 − traces = γµγν + γνγµ − 2gµν ( {γµ, γν} = 2gµν ) . (2.30)

The simple derivation of the highest twist of the quark current product ex-
pansion can be found in [4] and for the detail in [5].

Correctly, OPE must be treated between renormalized quantities because
the local operator like A, B, O is not well-defined and includes divergence
in the field theory as OPE implicitly indicates (φ(x)φ(y)

x→y−→ φ(x)2). (The
detail of renormalization is given in the next section.) Therefore, OPE is
expressed correctly as

ARµ(
ξ

2
)BRµ(−ξ

2
)

ξ→0∼
∑

i

C
Rµ

i (ξ)O
Rµ

i (0) (2.31)

(the light-cone expansion likewise) , (2.32)

where over-script R means renormalized (well-defined) quantity. The renor-
malization of the local operators are achieved by additional renormalization
conditions for the Green’s functions with the local operator inserted. The
subscription µ with R expresses the renormalization scale (the scale point
where the condition is applied). With the meaningful definition of the local
operators, the behavior of the coefficient CR is surely proved to behave like
Eq.(2.24) or Eq.(2.26). Now OPE can be considered to indicate the following
fact. As the space-time point of AR approaches to that of BR, the product
of them comes to a local operator and shows the divergence. The divergence
is expressed in terms of CR reducing its contribution by the dimension of
the corresponding OR. Therefore it can be said that CR reflects the short
distance behavior of the operator product, contrast to OR which reflects the
long distance behavior. Consequently it is concluded that OPE can separate
the effective short distance behavior, which dominates the behavior of the
operator product in the short distance limit, from the long distance behavior.
The separation of the short and long distance behaviors like OPE is called
“factorization”.

For the case of DIS, with the (light-cone) OPE applied, the product of
the quark current appears in the right-hand side of Eq.(2.22) can be analyzed
effectively by considering the more dominant terms in the high energy limit
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(x− y)2 → 0.

There is, however, subtlety for the application yet. It is concerned with
the lack of knowledge about the proton state |P 〉 in Eq.(2.22). The relation of
OPE is essentially given by the relation between renormalized Green’s func-
tions with the insertion of the well-defined local operators (because of the
definition of the local operators). It is not the relation between opera-
tors. So when the unknown state |X〉 is applied to the operator product, it is
not so obvious whether OPE given by the simple field state like |φ(z1)φ(z2)〉
keep its expansion form.

〈0|[AR(
ξ

2
)BR(−ξ

2
)]φ(z1)...φ(zn)|0〉

x→y'
∑

i

CR
i (ξ)〈0|OR

i (0)φ(z1)...φ(zn)|0〉 (2.33)

?−→ 〈X|[AR(
ξ

2
)BR(−ξ

2
)]|X〉

x→y'
∑

i

CR
i (ξ)〈X|OR

i (0)|X〉 (2.34)

For example, considering the case where |X〉 is composed of another local
operator, CR receives the correction from the additional local operator as
implicitly indicated in [3]. How the state |P 〉 is constructed as a bound state
is the question of the long distance physics of QCD and beyond the pertur-
bative method. Therefore we have to assume that the relation of OPE is
independent of the |P 〉 (or hadron) state. This is the presumption to the
long distance physics and what must be checked experimentally as the inde-
pendence of the short distance behavior to the long distance feature. Here
I want to point out that this kind of assumption is also needed for another
famous analytic method of the mass factorization method. If this assump-
tion is well accepted, OPE surely gives the powerful tool to analyze high
energy DIS process by virtue of dominance of lower twist terms. Moreover,
as indicated in the following, in the high energy limit, QCD has “asymptotic
freedom”. Around this energy region, QCD can be treated in the framework
of the well-known perturbation theory. The asymptotically free feature of
QCD with the lower twist OPE terms gives the description of DIS with the
parton model, and the perturbative correction by the perturbative QCD pre-
dicts the deviation from the simple parton model description. Therefore the
behavior of DIS quantities like structure functions are accessible within these
field theoretical tools.
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However the naive perturbative calculation provides the large lnQ2 cor-
rection terms and these terms can break the perturbative treatment of QCD
especially for the prediction of high Q2 process. This problem can be resolved
with the renormalization group method, which gives the global treatment of
the scale (Q2) dependence. It turns out that such large logarithmic terms
are absorbed in the definition of the running coupling constant. In the next
section, I will mention the renormalization group method in detail first and
apply the result to OPE.

2.3 Renormalization group equation

At first, I am going to demonstrate how the asymptotic freedom of QCD
in high momentum scale is described in the renormalization group method
because this behavior is the foundation of the prediction of the high energy
experiment. Secondly, I apply the result of renormalization group method to
OPE to obtain the meaningful high energy behavior of the operator product
by the perturbation scheme.

2.3.1 General framework and asymptotic freedom

In a field theory, when quantum correction is taken into account, the di-
vergence appears originated from the loop calculation. Renormalization is
made of regularization of divergence and redefinition of ingredients of the
field theory so as to make the observables finite. The fundamental quantity
of the prediction from the field theory is Green’s function. So the discussion
of renormalization is usually made with the Green’s function. For general
discussion, the truncated one-particle-irreducible (1PI) Green’s function of
n-th order, Γ(n), more generally its generating functional Γ (effective action)
is taken.

To make argument simple, I discuss on the φ4 theory:

L =
1

2
(∂µφ∂

µφ−m2φ2) − λ

4!
φ4 . (2.35)

Renormalization process is expressed as

Γ [φ ;m2 , λ ;µ2 ] = Γ0 [φ0 ; m2
0, λ0 ; Λ ] (2.36)

φ0 = Z
1/2
3 φ, m2

0 = Zmm
2, λ0 = Zλλ, (2.37)

Zi = Zi(λ0, Λ/µ) (i = 3, m, λ) . (2.38)
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Here the quantity with subscript 0 means the bare quantity appearing original
Lagrangian and is related to its renormalized quantity with renormalization
constant Z as Eq.(2.37) and Eq.(2.38). Λ is the regulation of the diver-
gence which appears when the quantum effect is counted and µ is the mass
scale expressing the point where the renormalization constants are defined
by renormalization conditions.

To regularize divergence, dimensional regularization method is commonly
used because it keeps the gauge invariance of the theory. To fix the renor-
malization constants, renormalization condition based on Mass Independent
Renormalization (MIR) like MS scheme is applied because of the ease of its
treatment.

Renormalizability says simply that if bare ingredients (φ0, m0, λ0) of the
field theory are redefined as Eq.(2.37) with the renormalization constants
Eq.(2.38), the divergent quantity (Γ0 in the right hand side of Eq.(2.36)) can
be rewritten as the finite function of the renormalized ingredients (Γ in the
left side of Eq.(2.36)).

Indeed by renormalization the renormalized quantity Γ does not have di-
vergence any more, but it still has µ dependence which is reflecting the way
of renormalization or redefinition. A quantity defined at a scale µ is differ-
ent from that defined at the different scale µ′. The important thing is that,
if renormalization argument starts from one original theory, the physical
(renormalized) quantity (like Γ) predicted by the theory must be
unique and never depend on what kind of scheme (what kind of
scale in this case) is applied in the renormalization process. This
means it is possible to rewrite the physical quantity given in one
renormalization scheme to that of another scheme by a transforma-
tion between ingredients of the physical quantity (like φ′ → φ). This
fact gives the definite (finite) transformation between the renor-
malized ingredients defined by the different schemes (scales).

Γ′ [φ′ ; m′2 , λ′ ;µ′2 ] = Γ [φ ; m2 , λ ;µ2 ] = Γ0 [φ0 ; m2
0, λ0 ; Λ ]. (2.39)

−→
finite transformation (rewrite) (2.40)

It turns out that the set of these transformation has the group
property. This group property which the renormalized quantities
by the different scheme have is called renormalization group. When
the argument is restricted to a group composed of the renormal-
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ized quantities defined at the different scale µ, these quantities must
obey the following differential equation expressing the response of
the quantity to the infinitesimal change of the scale µ. This dif-
ferential equation is called renormalization group equation (RGE).
This equation is derived just from the fact that the right hand side
of Eq.(2.36) does not depend on the renormalization scale µ.

(

µ
∂

∂µ

)

0

Γ0[φ0 ; m2
0, λ0 ; Λ ] = 0. (2.41)

Then the following differential equation is derived from the left
side of Eq.(2.36):

(µ
∂

∂µ
+ β(λ)

∂

∂λ
− γm(λ)m2 ∂

∂m2
− γ(λ)φ

δ

δφ
) Γ[φ;m2, λ;µ2] = 0 (2.42)

β(λ) ≡
(

µ
∂

∂µ

)

0

λ (2.43)

γm(λ) ≡ −
(

µ
∂

∂µ

)

0

lnm2 (2.44)

γ(λ) ≡ −
(

µ
∂

∂µ

)

0

lnφ , (2.45)

where the differentiation (µ∂/∂µ)0 means the derivation with φ, m0,
λ0, Λ fixed (the original theory fixed) and φδ/δφ is the functional
derivative of φ. β, γm, γ, called the renormalization group functions,
are independent of Λ and the finite functions of λ only. In MIR
scheme these become independent of the mass m. Therefore they
depend on the scale µ only through λ(µ). By virtue of this feature,
the renormalization group equation based on MIR can be solved
easily.

Γ [φ;m2, λ;µ2 ] = Γ [ φ̄(−t); m̄2(−t), λ̄(−t);µ2
0 ] ⇒ (2.46)

Γ(n)(p, m2, λ;µ2) =

exp

[

−n
∫ −t

0

dt′γ(λ̄(t′))

]

Γ(n)(p, m̄2(−t), λ̄(−t);µ2
0 ) , (2.47)

where p = (p1, p2, · · · , pn), and λ̄(t), m̄2(t), φ̄(t) are the solutions of the
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following equation:

d λ̄(t)

dt
= β(λ̄(t)), λ̄(0) = λ (2.48)

d ln m̄2(t)

dt
= −γm(λ̄(t)), m̄2(0) = m2 (2.49)

d ln φ̄(t)

dt
= − γ(λ̄(t)), φ̄(0) = φ. (2.50)

In Eq.(2.46) - Eq.(2.50), µ0 is a reference scale and t = ln(µ/µ0).
When the scale dependence λ̄ is solved by Eq.(2.48), the scale de-
pendence of the other quantities are explicitly given. Now it is
clear that the determination of the scale dependence of Γ reduces
to knowing the renormalization group functions β, γm, γ of the con-
sidering system.

The important thing of the solution of the equation is that the
scale µ (scheme) dependence of Γ(0) ( Γ) can be rewritten as the
momentum scale dependence of Γ(n). The other important thing is
that RGE is not dependent of the order of perturbative calculation.
If renormalizability is true, the scale dependence of a quantity as
a solution of RGE is beyond the perturbative discussion. There-
fore the equation gives the global (general) insights for the scale
dependence of the quantity.

Now Eq.(2.47) can be rewritten as

Γ(n)(etp, m2, λ;µ2) = exp

[

(4 − n)t− n

∫ t

0

dt′γ(λ̄(t′))

]

×Γ(n)(p, e−2tm̄2(t), λ̄(t);µ2) . (2.51)

Now µ dependence is getting replaced by the momentum p depen-
dence and the momentum scale dependence of Γ(n) looks manifest.
This equation is describing how Γ(n) behaves when the momentum
scale changes from p to etp. The exponential factor in Eq.(2.51)
expresses the superficial change of the dimension of the (renormal-
ized) field φ from ordinal 1 to 1 + t−1

∫

dt′γ(λ̄) by the effect of the
interaction. So the function γ is called specially “anomalous dimen-

sion”. Noting that Γ (in other words, Greens function) determines
the behavior of a system, Eq.(2.51) says that, except the dimen-
sional anomaly, when the momentum scale of a system changes
from p to etp, the system at the new scale etp behaves as the sys-
tem of the scale p but with the change of the mass and coupling,

22



e−2tm̄2(t), λ̄(t). Therefore e−2tm̄2(t), λ̄(t) are giving the effective mass
and coupling of the system in the new scale and they are called “ef-

fective mass”, “effective coupling constant” or “running mass”, “running

coupling constant” respectively. It must be noted that the effect of
the scale change appears only through the anomalous dimension,
the running mass and running coupling constant.

In case of QCD (as SUc(3) Non-Abelian gauge theory), β function
turns out to be a negative function of the renormalized coupling g,
up to two loop order, like

β(g) = −β0g
3 − β1g

5 +O(g7) (2.52)

β0 =
1

(4π)2
(11 − 2

3
Nf) (2.53)

β1 =
1

(4π)4
(102 − 38

3
Nf ) . (2.54)

Here Nf is the number of the active flavors and these results are
scheme independent up to this order. This indicates that as the
scale of the system increases (t → ∞), the running coupling con-
stant in QCD ḡ(t) approaches to 0 (ultraviolet fixed point) and, there-
fore, the system asymptotically approaches to the behavior of the
free field theory. This behavior which is peculiar to the system of
non-Abelian gauge theory is called “asymptotic freedom”, which
was firstly pointed out in [6, 7]. In such a large scale region, the per-
turbative expansion of ḡ like Eq.(2.52) becomes meaningful. More-
over the behavior of the running coupling constant or αs (= ḡ2/4π)
can be explicitly determined by the following differential equation.

d αs(t)

d (2 ln et)
= −(4π)β0 α

2
s − (4π)2β1 α

3
s +O(α5

s) (lnµ2/µ2
0 = 2 ln et)

(2.55)

LO
=⇒ αs(t) =

1

4π

g2

1 + 2β0g2 ln et
(ḡ(0) = g) (2.56)

Therefore, thinking of an approach from p to etp, the approach to
the free theory more quantitatively turns out to be the logarithmic
one. Moreover, in general, the anomalous dimensions like γ, γm
are given as the functions of g2 as implicitly indicated Eq.(2.49)
and Eq.(2.50). Therefore, the effect of the logarithmic feature of
the running coupling constant appears also in the behavior of the
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anomalous dimensions. By Eq.(2.51) and the Taylor expansion of
Eq.(2.56), now it becomes clear that these quantities are absorbing
the large logarithmic terms which could appear in the naive per-
turbation calculation (left-hand side of Eq.(2.51)).

The asymptotic freedom of QCD indicates that, in the high
energy limit, the system described by QCD must show the scale
independence. In fact, this typical behavior was surely observed in
many high energy experiments as the scale invariance of the struc-
ture functions and this phenomena was called “’Bjorken scaling”
[1], which leaded to the simple parton description of the structure
of a hadron. This fact gave the validity of QCD as the fundamental
interaction of inner particles (partons) of hadrons and the percep-
tion that the partons were composed of quarks and gluon. In addi-
tion, as the consequence of the perturbative QCD, the logarithmic
approach to the free theory indicates the logarithmic breaking of
the Bjorken scaling and the breaking from the scaling can be cal-
culated well with the perturbative method organized by RGE. By
the feature that the running mass falls fast enough by exponential
factor in Eq.(2.51), it is usually calculated by mass 0 theory.

In the next subsection I’m going to apply RGE to OPE and indi-
cate the concrete form of the perturbative corrections to “Bjorken
scaling” or equivalently the simple parton model.
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2.3.2 Application to OPE

For simplicity, I’m going to deal with φ4 theory and the simple
OPE Eq.(2.23) and set A = B = φ because of the complexity with
the definition of the renormalized local operators.

At first, OPE Eq.(2.23) is equivalent to the following relation
between the truncated Green’s functions:

Γ
(n)
φφ[

q

2
+ k,

q

2
− k,p, m2, λ;µ2] =

∑

i

Ci[k,m
2, λ;µ2]Γ

(n)
Oi

[q,p, m2, λ;µ2]

(2.57)

〈0|O(x)φ(z1) · · ·φ(zn)|0〉1PI =

[

n
∏

i=1

∫

dyi∆F (zi − yi)

]

Γ
(n)
O [x,y, m2, λ;µ2],

where y = (y1, · · · , yn). For the definition of ΓOi
, which is equivalent

to the definition of the local operator Oi, the additional renor-
malization conditions are needed. Now consider to apply RGE
Eq.(2.42) or equivalently

( D − nγ(λ) ) Γ(n)[p ;m2, λ;µ2] = 0 (2.58)

D = µ
∂

∂µ
+ β(λ)

∂

∂λ
− γm(λ)m2 ∂

∂m2
(2.59)

to OPE Eq.(2.57).

Applying D to the left-hand side of Eq.(2.57),

DΓ
(n)
φφ = (n− 2)γ(λ)Γ

(n)
φφ

⇒ DΓ
(n)
φφ =

∑

i

(n− 2)γ(λ)CiΓ
(n)
Oi
. (2.60)

Next, apply D to the right-hand side. In general, for the renor-
malization of the local operator Oi to satisfy its renormalization
conditions , many counter terms Zij(O0)j (bare operators with pe-
culiar renormalization constants Zij) are required. The operators
(O0)j appearing in the counter terms for Oi are restricted to the op-
erators which have the same quantum number and Lorentz trans-
form as Oi and the canonical dimension less than that of Oi. But
those are arbitrary except for the constraints. For example, for the
renormalization of the local operator φ4(x), the following operators
can emerge in the counter terms:

φ4
0, φ

2
0, ∂µφ0∂

µφ0, φ0�φ0, · · · . (2.61)
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Therefore the renormalized local operator Oi can be expressed for-
mally as

Oi =
∑

dj≤di

Z̃ij(λ0, Λ, µ,m
2
0) (O0)j (2.62)

Here the vector (O0)j aligns in order of the canonical dimension and
Z̃ij is not 0 when dj ≤ di. This mixing of operators which appears in
the renormalization of local operators is called “operator mixing”.
With this notation of Oi,

Γ
(n)
Oi

=
∑

j

Z̃ijZ
n/2
3 Γ

(n)
0Oj

[q,p, m2
0, λ0;Λ]. (2.63)

Therefore

(D − nγ(λ))Γ
(n)
Oi

+
∑

j

γ̃ij(λ, µ,m
2)Γ

(n)
Oj

= 0, (2.64)

γ̃ij ≡ −
∑

k

(

µ
∂Z̃ik
∂µ

)

0

Z̃−1
kj (2.65)

Then the application of D to the right-hand side of Eq.(2.57) leads

D

∑

i

CiΓ
(n)
Oi

=
∑

i

[

(DCi)Γ
(n)
Oi

+ CiDΓ
(n)
Oi

]

(2.66)

=
∑

i

[DCi + Ci nγ(λ)] Γ
(n)
Oi

−
∑

ij

Ciγ̃ijΓ
(n)
Oj

(2.67)

=
∑

i

[

DCi + Ci nγ(λ) −
∑

j

Cjγ̃ji(λ)

]

Γ
(n)
Oi
. (2.68)

Equating Eq.(2.60) and Eq.(2.68), and taking the coefficient of

Γ
(n)
Oi

,

(D + 2γ(λ) − γ̃T (λ, µ,m2))C[k,m2, λ;µ2] = 0, (2.69)

where C is the vector composed of Ci and γ̃T is the transposed
matrix of γ̃ij. The answer of Eq.(2.69) is given, as the case of
Eq.(2.42),

C[etk,m2, λ;µ2] = Tt′ exp

(

(2 − d̃)t+

∫ t

0

dt′
[

2γ(λ̄(t′)) − γ̃T (λ̄(t′), µ, e−2t′m̄2(t′))
]

)

×C[k, e−2tm̄2(t), λ̄(t);µ2] , (2.70)
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where Tt′ defines the order of the matrix so that the matrix with
smaller t′ comes earlier and d̃ is the matrix δijdi.

Therefore, now it turns out that the short distance scale (k)
dependence of OPE can be expressed simply by Eq.(2.70), and,
especially for the case of the theory with asymptotic free feature
like QCD, it can be calculated well by the perturbative method
with massless theory.

Now let’s turn to the DIS case. In Eq.(2.69) the term 2γ is
reflecting A = B = φ. When A and B are other (local) operators,
the γ’s are substituted with the corresponding (matrix) γ’s. The
current J as the local operator does not receive the renormalization
correction because of its physical meaning. So the renormalization
constant ZJ must be 1 and the anomalous dimension of the current
J turns out to be zero. By the application of the light-cone OPE,
and the dispersion relation based on Cauchy theorem in complex
1/x plane to get the result in the DIS kinematic region 0 ≤ x ≤ 1
(note here that x is the Bjorken x Eq.(2.7)), finally the following
results are given:

∫ 1

0

dxxn−1F (x,Q2) =
∑

i

AinC̃
i
n(Q

2) (2.71)

C̃i
n(−q2)qµ1

· · · qµn(−q2/2)−n ∼=
∫

d4ξeiq·ξξµ1
· · · ξµnC

i
n(ξ

2) (2.72)

〈P |Oi
µ1···µn

|P 〉 = AinPµ1
· · ·Pµn , (2.73)

where Ai
ns are constants which contain all long distance information

and the behavior of C̃i
n(Q

2) is given, by virtue of RGE like Eq.(2.70),

C̃i
n(
Q2

µ2
, m2, g) = C̃i

n(1, m̄(t)2, ḡ(t))Tt′ exp[−
∫ t

0

dt′γ̃TOi
n
(ḡ(t′))]. (2.74)

Here the reference scale µ2
0 is set to Q2 so that t = ln(

√

Q2/µ2) in
Eq.(2.74). The detailed derivation can be found in [4, 8].

Now the short distance (Q2) behavior of the structure function
reduces to the calculation of γO. With the massless theory, the
operator mixing is furthermore restricted in operators with the
same dimension. For example, in massless QCD twist 2 operators
which can mixed are Eq.(2.27) and Eq.(2.28), and their γij to the
one-loop (leading) order can be calculated by the diagrams Figs. 2.4

27



and 2.5.

28



• OF = ZFFO
F
0 + ZFVO

V
0

Figure 2.4: the operator mixing of twist 2 operators for OF

• OV = ZV FO
F
0 + ZV VO

V
0

Figure 2.5: the operator mixing of twist 2 operators for OV

In general C i
n and γOi

n
are expanded perturbatively as

γOi
n

= γ0n(
ḡ

4π
)2 + γ1n(

ḡ

4π
)4 + · · · (2.75)

C̃i
n(1, ḡ) = ci0n + ci1n ḡ

2 + · · · . (2.76)

Structure functions are calculated by taking the first terms of
Eqs.(2.75) and (2.76) for the leading (one-loop) order (LO) and
taking up to the second terms for the next-leading (two-loop) or-
der (NLO). As indicated in the next section, these corrections gives
the perturbative correction to the simple parton model.

The concrete calculation and expression of the structure func-
tions modified by pQCD can be found in for example [4, 8, 9] for
LO and [10, 11] for NLO.

These pQCD corrections gives the prediction of the scale de-
pendence of the structure functions of DIS, and the validity of the
behavior in turn guarantees the validity of QCD.
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2.4 Mass factorization method and parton dis-

tribution function (PDF)

The above argument based on OPE and RGE gives a good descrip-
tion of DIS. But there are many other high energy experiments
described by the accessible short distance behavior like single-
inclusive hadron detection of e+ e− annihilation (SIA) or semi-inclusive
(hadron detection of) deep inelastic scattering (SIDIS).

e+
e−

XH

e
H2

H1 X

SIA : e+
+ e− → H + X

SIDIS : e + H1 → e′ + H2 + X

e′

Figure 2.6: diagrams for SIA and SIDIS

However, it is well-known that OPE has the limitation for its appli-
cation to these processes. Therefore the other method is needed to
describe or more essentially factorize the short distance behavior.
“Mass factorization method” is commonly used for this purpose.
This method enables the more diagrammatic therefore consistent
treatment of the factorization of the short distance behaviors. For
the moment the DIS case is considered and the operator mixing is
neglected in the following.

In OPE, the factorization is fulfilled by the renormalization of
the extra ultra-violet behavior of the local operators. In the mass
factorization method, the short distance behavior can be factored
out by the infrared (collinear) divergences which comes from the
massless theory. In the dimension 4+ε (ε > 0), they appear as poles
of ε in the dimensional regularization like a ultra-violet divergent
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case. By the effective separation of these poles, the short distance
behavior of a parton structure function Fp(x) can be factored out
as

Fp(
Q2

µ2
, n, αs,

1

ε
) = Cp(

Q2

µ2
, n, αs) Γp(n, αs,

1

ε
), (2.77)

f(n) =

∫ 1

0

dxxn−1f(x) (Mellin transformation), (2.78)

where αs = g2/4π and µ is the mass scale which appears in the
dimensional regularization. Then it is clear that Cp is reflecting
the short distance (collinear divergence free) behavior. The fac-
torization similarity of Eq.(2.77) to Eq.(2.71) can be found. This
is expressed diagrammatically as Fig. 2.7.

Γ0 p

C0 p Cp
Optical

Theorem

p : parton

γ

γ

pp

γ

Mp (Fp)

Γp(1/ε)

Figure 2.7: diagrammatic expression of the mass factorization

The systematic way to get the factorization form from the original
diagram with the tools of “ladder expansion” and “2PI kernel” is
found in for example [12] or [13].

The most important fact is that the calculation proceeds sys-
tematically within that of each diagram. What should be done is
the regularization of the ultra-violet divergence and the collinear
divergence of each diagram (the ultra-violet poles are subtracted
first from the results in 4−ε (ε > 0) dimension).

Applying RGE to the collinear divergence, Q2 dependence of
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Eq.(2.77) becomes clear:

Fp(Q
2/µ2, n, αs,

1

ε
) = Cp(1, n, αs(t)) exp

[

−
∫ αs(t)

0

dλ

λ

γ(n, λ)

2β̃(λ) + ε

]

, (2.79)

γ(n, αs) = −αs
∂

∂αs
Γ1(n, αs), Γ(n, αs,

1

ε
) = 1 +

∞
∑

k=1

1

εk
Γk(n, αs) (2.80)

β̃(αs) = β(g)/g (2.81)

where αs(t) = ḡ2(t)/4π, t = ln(
√

Q2/µ2) and β(g) is the renormaliza-
tion group function.

To relate parton structure function Fp to the hadron structure
function FH , define pH0 (x, 1/ε) as the “bare” density of a parton
inside the hadron (“0” means “bare” in sense of the collinear di-
vergence). Now let’s require that pH0 absorbs all the collinear di-
vergence appearing in the both sides of Eq.(2.79).

pH(n,Q2/µ2) = exp

[

−
∫ αs(t)

0

dλ

λ

γ(n, λ)

2β̃(λ) + ε

]

pH0 (n,
1

ε
) (2.82)

FH(Q2/µ2, n, αs) =
∑

p

Cp(1, n, αs(t)) p
H(n,Q2/µ2) , (2.83)

where pH is the “renormalized” physical quantity of pH0 and the
sum is over all parton species (qf , q̄f , g). The infrared divergence is
absorbed in the definition of pH.

γ(n) turns out to coincide with the anomalous dimension of the
twist 2 operator Oµ1,··· ,µn (Eq.(2.75)) in the light-cone OPE. Then
the result Eq.(2.83) can be confirmed to be exactly equal to the
OPE result Eq.(2.71) by setting Ai

n = pH(n, 1). Eq.(2.83) can be
manifested diagrammatically as Fig. 2.8.
The requirement of the annihilation of the collinear divergence by
pH0 is equivalent to the full absorption of long distance part of the
interaction by the (target) hadron state. This corresponds to the
assumption of independence of the short distance behavior to the
hadron state like OPE case.

Now the similarity (equivalence) between Eqs.(2.83) and (2.71)
gets obvious. The correspondence of the factorization feature be-
tween OPE way and the mass factorization way is considered to
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γ γ

p p

H H

HH

MH
p (FH

p )

Mp (Fp) Cp

Cp

pH
0

(1/ε)
Γp(1/ε)

pH
pH

0
(1/ε)

Figure 2.8: FH
(q) as an infrared safe quantity

come from the different treatment of collinear terms ln(Q2/p2). In
OPE, Q2 → ∞ is taken, and equivalently p2 → 0 leads the mass
factorization.

Noted that the leading order of C(1, n, αs(t)) is 1 (except for
the electromagnetic charge factor) in general, It turned out that
pH(x,Q2) in Eq.(2.82) gives the natural generalization of the par-
ton distribution function fp(x) in Eq.(2.6). (When γ is the zeroth
order of αs, both are strictly identical.) In other words, pH is PDF
which is modified by the short distance behavior and the modified
structure functions are given in terms of the modified PDFs. The
important thing is that the features which the original fp(x) has are
taken over to the modified pH like the probability interpretation or
momentum conservation by virtue of the property of γ(n, αs) or
the splitting functions defined below (Eq.(2.86)). It can be said
that the mass factorization method briefly keeps the intuitive PDF
interpretation as the probability density and the parton model de-
scription of the structure functions, and gives the modification to
the model to include the effects of pQCD as C = C0 + C1ḡ

2 + · · ·
or γ = γ0(ḡ/4π)2 + · · · . The pQCD modification yields the breaking
from the Bjorken scaling.

The Eq.(2.82) leads

∂

∂ lnQ2
pH(n,Q2) = −1

2
γ(n, αs(Q

2))pH(n,Q2), (2.84)
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where the scale µ is omitted. Or equivalently,

∂

∂ lnQ2
pH(x,Q2) = Ppp(x, αs(Q

2)) ⊗ pH(x,Q2) (2.85)

Ppp(n, αs) = −1

2
γ(n, αs) (2.86)

Ppp(x, αs) = (
αs
2π

)P (0)
pp (x) + (

αs
2π

)2P (1)
pp (x) + · · · ,

where ⊗ is the convolution integral which appears frequently in the
factorization results in (Bjorken) x.

A(x) ⊗ B(x) =

∫ 1

x

dy

y
A(
x

y
)B(y) (2.87)

The Eqs.(2.84) or (2.85) is called “DGLAP equation”, which was
derived first in [14], and it gives corrective Q2 dependence of the
parton distribution functions.

With the DGLAP equation, the scale (Q2) dependence of the
structure functions can be predicted in the pQCD framework ex-
cept for the initial condition αs(Q

2
0) and the initial distribution

pH(x,Q2
0), which is beyond the perturbative calculation. By virtue

of the ease of the PDF interpretation and the consistent treatment
of high energy process (described below), the result based on the
mass factorization is preferred to that of OPE.

By virtue of the diagrammatic method of the factorization, the
factorization of SIA is easily given by the analytic continuation be-
cause SIA can be perceived as the time-like coming photon in DIS
diagram is simply substituted by the space-like photon (Fig. 2.9).
Then PDFs are continued to the quantity called fragmentation
functions (FFs). The probability interpretation takes over to FFs
DH
i (z) as the number density of the hadron H in the original par-

ton i with the momentum fraction z of the parton i, and the FFs
contain all the long distance information of the fragmentation of a
parton to a hadron.

Another consequence from the mass factorization is the univer-
sality of PDFs and FFs. This means PDFs and FFs given from
a certain kind of high energy experiment such as DIS is applica-
ble to another kind of experiment like SIDIS. This universality is
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γ : q2 > 0

γ : q2 < 0

H

H

DH
p

pH

Cp

C ′

p

MH
p

MH
pX

X

• SIA

• DIS

Figure 2.9: correspondence between DIS and SIA

guaranteed by the appropriate factorizations in the diagrams of the
corresponding high energy processes. In other words, diagrams can
be factorized so as to guarantee the universality of PDFs and FFs.

Finally I show the diagrams expressing the factorization prop-
erty of other representative high energy processes (SIDIS and Drell-
Yan process) in Fig. 2.10.
For more detailed discussion of the mass factorization method, in-
cluding the more proper definition of PDFs and FFs, [13, 15, 16]
can be referred to.
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• Drell − Y an : H1 + H2 → e+
+ e− + X

• SIDIS : e + H1 → e′ + H2 + X

X

H1

H2

C ′

p p′

pH1

e−

e+

q2 > 0

γ

p′H2

X

H1

H2

q2 < 0

γ

pH1

Cp p′

D
H2

p′

Figure 2.10: SIDIS and Drell-Yan process
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2.5 Theoretical consequences

Here I will list out the theoretical results somewhat explicitly for
each hard processes, which are all needed for my analysis. All
results are given in MS scheme.

2.5.1 Deep inelastic scattering (DIS)

Unpolarized PDFs p (qf , q̄f , g) obey the following DGLAP equation.

∂

∂ logQ2
q±f NS = PNS± ⊗ q±f NS (2.88)

∂

∂ logQ2

(

qSN
g

)

=

(

Pqq Pqg
Pgq Pgg

)

⊗
(

qSN
g

)

. (2.89)

Here, qSN , q
±
f NS are respectively, up to the next-leading order

(NLO),

q±f = qf±q̄f , qSN =

nf
∑

f

q+
f , q+

f NS = q+
f −

1

nf
qSN , q−f NS = q−f . (2.90)

The splitting functions, P , are explicitly expressed to the leading
order (LO),

P =
(αs

2π

)

P (0) +
(αs

2π

)2

P (1) + · · · ,

P
(0)
NS+(x) = P

(0)
NS−(x) = P (0)

qq (x) = CF

(

2

(1 − x)+
− 1 − x +

3

2
δ(1 − x)

)

(2.91)

P (0)
qg (x) = 2Tf

(

x2 + (1 − x)2
)

(2.92)

P (0)
gq (x) = CF

(

1 + (1 − x)2

x

)

(2.93)

P (0)
gg (x) = 2NC

(

1

(1 − x)+

+
1

x
− 2 + x− x2)

)

+
1

2

(

11

3
NC − 4

3
Tf

)

δ(1 − x) ,

(2.94)

where NC = 3, CF =
N2

C−1

2NC
= 4

3
, Tf = TRnf = 1

2
nf and “+”-prescription

is defined by

∫ 1

0

dzf(z) (g(z))+ ≡
∫ 1

0

dz[f(z) − f(1)]g(z) . (2.95)
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For NLO splitting function, P (1), refer to, for example, [12, 17].
It must be noted that, between splitting functions Eq.(2.91) -
Eq.(2.94), the following relations hold (also true in NLO):

P̃ (n) =

∫ 1

0

x(n−1)P (x) (Mellin transformation)

P̃NS−(1) = 0 (2.96)

P̃qq(2) + P̃gq(2) = 0, P̃qg(2) + P̃gg(2) = 0 . (2.97)

These correspond to respectively the fermion number and energy
momentum conservation.

Coefficient functions (except for the electromagnetic charge fac-
tor) for the structure function, for example, F2 are given, up to
NLO, by

C =C(0) +
αs
2π
C(1) + · · · ,

C(0)
q (x) = δ(1 − x), C(0)

g (x) = 0 (2.98)

C(1)
q (x) =

CF
2

(

−3

2

1 + x2

(1 − x)+

+
1

2
(9 + 5x) − 2

1 + x2

1 − x
ln x

+2 (1 + x2)

[

ln(1 − x)

1 − x

]

+

− δ(1 − x) (9 +
2π2

3
)

)

(2.99)

C(1)
g (x) = 2Tf

(

(1 − 2x + 2x2) ln(
1 − x

x
) + 8x(1 − x) − 1

)

. (2.100)

LO δ-function term is reflecting parton model expression.

Coefficient functions of other structure functions are referred
to, for example, [18, 19].

In practice “+”-prescriptions appeared above must be modified
as,

∫ 1

A

dzf(z)
1

(1 − z)+
≡
∫ 1

A

dz[f(z) − f(1)]
1

(1 − z)
+ ln(1 − A)f(1) (2.101)

∫ 1

A

dzf(z)

[

ln(1 − z)

(1 − z)

]

+

≡
∫ 1

A

dz[f(z) − f(1)]
ln(1 − z)

(1 − z)
+

1

2
ln2(1 − A)f(1) .

(2.102)
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2.5.2 Single-inclusive hadron detection of e+ e− annihi-
lation (SIA)

Unpolarized FFs D (Di
f , D

i
f̄
, Di

g) of hadron i obey the following
DGLAP equation.

∂

∂ logQ2
Di
f NS

±
= P̂NS± ⊗Di

f NS
±

(2.103)

∂

∂ logQ2

(

Di
SN

Di
g

)

=

(

P̂qq 2nf P̂gq
P̂qg/2nf P̂gg

)

⊗
(

Di
SN

Di
g

)

, (2.104)

where DSN , D
±
f NS are the same combinations of FFs as Eq.(2.90)

(up to NLO). The splitting functions, P̂ , are given from those of
DIS process by analytic continuation to x→ 1/z > 1. For example,
LO splitting function, P̂ (0)s, are described in terms of those of DIS
by

P̂
(0)
NS±(z) = −z P (0)

NS±(
1

z
) (2.105)

P̂ (0)
qq (z) = −z P (0)

qq (
1

z
) (2.106)

P̂ (0)
gq (z) =

CF
2Tf

z P (0)
qg (

1

z
) (2.107)

P̂ (0)
qg (z) =

2Tf
CF

z P (0)
gq (

1

z
) (2.108)

P̂ (0)
gg (z) = −z P (0)

gg (
1

z
) . (2.109)

NLO splitting function, P̂ (1) can be found, for example, [20].
Like DIS case, there are some relations between the Mellin

transformed splitting functions. The typical relation in case of
SIA is

˜̂
Pqq(2) +

˜̂
Pgq(2) = 0,

˜̂
Pqg(2) +

˜̂
Pgg(2) = 0 . (2.110)

This relation guarantees the conservation of the energy momentum
carried by initial parton:

∑

i

∫ 1

0

dz z Di
j = 1 ( j = f, f̄ , g ) . (2.111)

In addition the following relation is considered to be a reasonable
assumption for FFs.

DH
f = DH̄

f̄ . (2.112)
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Coefficient functions in LO are obvious from the point of view of
parton model prescription. Though I don’t write down explicitly
here, the non-trivial NLO coefficient functions can be referred to,
for example, [21].

2.5.3 Polarized DIS

In polarized DIS experiment like ~e + ~N → e′ +X, theoretical predic-
tions are described in terms of polarized parton distributions ∆p.
The DGLAP equations bringing Q2 dependence of polarized PDFs
are conceded by substituting PDFs, p, and splitting functions, P ,
of the unpolarized case with the polarized counterparts, ∆p and
∆P in Eq.(2.88) and (2.89).

The probability interpretation of PDFs, p and ∆p, now can be
redefined as

p(x) = p↑(x) + p↓(x) (2.113)

∆p(x) = p↑(x) − p↓(x) , (2.114)

where p↑(↓)(x) dx means the probability to find the parton with spin
parallel (anti-parallel) to the spin of the polarized hadron and car-
rying a fraction between x and x + dx of the hadron momentum.
The polarized PDFs are considered as the distribution giving the
spin contribution of partons to the polarized hadron and the un-
polarized PDFs as the spin averaged distribution.

The splitting functions in this case are given explicitly to LO as

∆P
(0)

NS+(x) = P
(0)

NS−(x) (2.115)

∆P
(0)

NS−(x) = P
(0)

NS+(x) (2.116)

∆P (0)
qq (x) = P (0)

qq (x) (2.117)

∆P (0)
qg (x) = 2Tf (2x− 1) (2.118)

∆P (0)
gq (x) = CF (2 − x) (2.119)

∆P (0)
gg (x) = 2NC

(

1

(1 − x)+

− 2x+ 1)

)

+
1

2

(

11

3
NC − 4

3
Tf

)

δ(1 − x) .

(2.120)
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As Eq.(2.115) indicates, in the polarized case, the following equa-
tion which is true also in NLO holds:

∆P̃NS+(1) = P̃NS−(1) = 0 . (2.121)

This guarantees the conservation of the first moment of non-singlet
plus combinations of ∆p, like

(∆u+∆ū) − (∆d+∆d̄) (2.122)

(∆u+∆ū) + (∆d+∆d̄) − 2(∆s+∆s̄), (2.123)

where ∆qf is expressed by ∆f in short).
For NLO splitting functions, I referred to [22] for example. The

coefficient functions for the structure function of the polarized DIS
(∆C) can be found in [23].

2.5.4 Semi-inclusive deep inelastic scattering (SIDIS)

The semi-inclusive DIS is the DIS including the additional detec-
tion of hadron H coming from the fragmented target hadron, like
e + N → e′ + H + X. To make the difference explicit, the usual DIS
is referred to as inclusive DIS.

Typical realization of the universality of PDFs and FFs by virtue
of factorization scheme can be seen in the theoretical prediction of
SIDIS. When the structure function FH of SIDIS is considered, the
“universality” is achieved simply by

FH = CH
pp′ ⊗ p⊗DH

p′ , (2.124)

where PDF p is the same as appeared in DIS and describing the
parton state in the target hadron, DH the same as SIA and re-
flecting the hadronization of interacted partons and the coefficient
function CH

p is peculiar to each SIDIS process and expressing the
short distance interaction of partons. It could be considered that
the coefficient functions are calculated so that the “universality”
surely holds. Therefore, once FFs are given, we can check the con-
sistency of PDFs provided from DIS process and also make the
determination of PDFs with SIDIS data.

The coefficient functions of various SIDIS processes are summa-
rized well in [21] up to NLO.

Following the above argument, I’m going to use the polarized
SIDIS data to determine polarized PDFs. The detail of my analysis
is shown in the next chapter.
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Chapter 3

Polarized DIS and polarized
PDF analysis

As discussed in the previous section, all the information of the
hadron structure which is beyond the perturbative prescription is
absorbed in PDFs which are accessible through many high energy
experiments. By the unpolarized experiments carried out widely,
the momentum structure of the hadron described by unpolarized
PDFs p(x) are well investigated and it is well-known that the nearly
half of the hadron momentum is carried by gluon. Now the un-
polarized PDFs are waiting for the theoretical achievement in the
long distance prediction of QCD framework [24].

Similarly, the information of the spin structure of the hadron
can be described by polarized PDFs ∆p(x) which give the spin
contributions of each parton to the hadron spin as indicated in
Eq.(2.114). ∆p are accessible through the polarized experiments.
As the application of the pQCD framework to the experiments, I
tried the extraction of the polarized parton distributions with the
data of polarized DIS and polarized SIDIS experiments carried out
in various energy scales.

In the section 3.1, I summarized the feature of these polarized
experiments. The section 3.2 was dedicated to manifest the detail
of my analysis. In the following the term PDF is used to indicate
that of proton.
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3.1 Polarized DIS

At first, to make the purpose of my analysis clear, I mention the
feature of polarized DIS and the meaning of the extraction of the
polarized PDFs.

3.1.1 Polarized DIS and polarized PDFs

Polarized DIS is a process like

~e + ~N → e′ +X . (3.1)

Polarized PDFs can be extracted from spin-dependent structure
functions Eq.(2.19) which appears in the cross section of the po-
larized DIS and gN1 is usually employed, where the superscript N
reflects the target N . gp1(x,Q

2), for example, is expressed in terms
of (proton) polarized PDFs ∆p as

gp1(x,Q
2)

=
1

2

∑

qf , q̄f

e2q

[

∆Cq(x, αs(Q
2)) ⊗∆q(x,Q2) +∆Cg(x, αs(Q

2)) ⊗∆g(x,Q2)

]

,

(3.2)

where e2
q is the fractional electromagnetic quark charge, nf is the

number of the active quark flavor and ⊗ means the convolution
integral defined in Eq.(2.87). The coefficient functions ∆C can be
referred to [23] for example.

The structure functions of other targets can be given by the
same form but with the PDFs peculiar to the targets. But, from
the experimental point of view, g1 has not been directly extracted
from experimental observables. Instead, g1 is given indirectly from
the asymmetry A1 between electron target-hadron spin parallel and
anti-parallel cross section. A1 is related to g1 as

AN1 (x,Q2) ' gN1 (x,Q2)

FN
1 (x,Q2)

, (3.3)

where F1 is the unpolarized structure function defined in Eq.(2.18)
and in my analysis the target hadron N is set to nucleon (p, n). gN1
is extracted from the asymmetry with help of the unpolarized DIS
results. I used the extracted gN1 data for my analysis for simplicity.
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Because of the probability interpretation of the density p↑(↓)(x)
given in Eqs.(2.113) and (2.114), the meaningful polarized PDFs
must satisfy the following positivity condition for arbitrary x and
Q2 by the absolute inequality:

p↑(↓) ( ∀x, ∀Q2 ) > 0 ⇒ |∆p (∀x,∀Q2)| ≤ p (∀x,∀Q2) . (3.4)

The condition is achieved by constraining the distribution at the
initial scale Q2

0:
|∆p (∀x, Q2

0)| ≤ p (∀x, Q2
0) . (3.5)

By the property of the splitting functions, the perturbative evo-
lution preserves the condition so that Eq.(3.4) is achieved at any
scale.

Indicating the first moment of the polarized PDFs as

δp(Q2) =

∫ 1

0

dx ∆p(x,Q2),

The sum of δp weighted by the spin of each parton would be ex-
pected to be the nucleon spin 1/2.

δΣ(Q2) =
∑

q, q̄

δq(Q2) (3.6)

1

2
· δΣ(Q2) + 1 · δg(Q2)

?→ 1

2
(3.7)

However the contribution to the nucleon spin is not restricted to
the spin of partons. The orbital angular momentum of the par-
ton inside the nucleon can contribute to the total nucleon spin.
Therefore the sum rule of the nucleon spin could be rewritten as

1

2
· δΣ(Q2) + 1 · δg(Q2) + L q+g(Q

2) =
1

2
, (3.8)

where L q+p indicates the total orbital angular momentum contri-
bution of all (anti) quarks and gluons and it is difficult to extract
L from the experiment.

By European Muon Collaboration (EMC) [25], the considerably
small quark contribution to the nucleon spin was reported for the
first time based on the parton model. In that paper the value of
δΣ was given as

δΣ = 0.12 ± 0.09 ± 0.14 . (3.9)
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Through the recent ∆p pQCD analysis of other groups [26, 27, 28],
the contribution of the each quark flavor turned out at Q2 ∼ 4 to
be roughly

δu+ δū ' 0.8 (3.10)

δd+ δd̄ ' −0.4 (3.11)

δs+ δs̄ ' −0.1 (3.12)

δΣ ' 0.3 . (3.13)

(Heavy flavor c, b, t contributions are neglected in the Q2 region of
the polarized DIS experiments.) About only 30% of the nucleon
spin is contributed by the quarks. Intuitively the contribution
seems too small from the viewpoint of the simple quark model,
where the nucleon spin is covered by only quarks. The smallness of
the quark contribution to the nucleon spin is called “nucleon spin
problem”. But the insight given from the unpolarized DIS that
about the half of the momentum of the nucleon is carried by gluon,
the gluon contribution to the structure of the nucleon is expected
to be considerably large even for the spin structure. As for now
the gluon contribution to the spin structure is not well determined
because the gluon contribution to g1 appears only NLO (∆C

(0)
g = 0)

except the singlet sector of DEGLAP equation. The future analysis
and experiments are still needed for its strict determination. In this
sense, the nucleon spin problem is not resolved yet.

In addition, it is worthwhile to note that the first moment of the
flavor non-singlet plus (minus for unpolarized PDFs) combinations
must conserve during its Q2 evolution in polarized PDF case be-
cause of the reason indicated in the section 2.5.3. So the following
combinations must be constants of the Q2 evolution.

δq3 = (δu+ δū) − (δd+ δd̄) (3.14)

δq8 = (δu+ δū) + (δd+ δd̄) − 2(δs+ δs̄) . (3.15)

Therefore, neglecting the contribution of heavy quark flavors, δΣ
can be rewritten in terms of the constant δq8 as

δΣ(Q2) = δq8 + 3 [ δs(Q2) + δs̄(Q2) ] . (3.16)

Taking into account that δs, δs̄ contributions are small over the
polarized DIS Q2 range, it turns out that the Q2 dependence of δΣ
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is small and almost a constant.

To know the spin structure of the nucleon well, many types of
polarized DIS are attempted including transversely polarized DIS
like

~e + N ↑ (↓) → e′ + H +X . (3.17)

From the transverse polarized DIS, the information about the par-
ton spin contribution to transverse component of the nucleon spin
is accessible.

To make the difference explicit, the polarized PDFs extracted
from the longitudinally polarized DIS is called “parton helicity
distributions”. But in the following, polarized PDFs means the
parton helicity distributions as before.

From the composition of g1 with the polarized PDFs Eq.(3.2),
it is clear that a quark contribution to g1 is equal to that of corre-
sponding anti-quark because e2

q = e2q̄ and in general Cq = Cq̄. This
implies that only by the g1 (polarized DIS) analysis the separation
of quark and anti-quark distribution is impossible without some
additional restriction and the analysis always gives only the infor-
mation of the sum of them for each flavor. This ambiguity exists
also in unpolarized DIS. This arbitrariness can be eliminated by
the model assumed for the initial distribution and restricted to
some extent by the results from other experiment like the flavor-
changing hyperon β-decay discussed later. But for more general
model-independent analysis, there still exits this kind of ambigu-
ity.

For better understanding of the nucleon spin structure, the
elimination of this ambiguity is required and polarized SIDIS is
the one of experiment for this purpose because the fragmentation
functions take part in the analysis of SIDIS and the fragmentation
functions are different between light quark and anti-quark. (unpo-
larized SIDIS is also effective process for the strict determination
of unpolarized PDFs.)

The next subsection is dedicated for the explanation of the po-
larized SIDIS process.
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3.1.2 Polarized SIDIS

Polarized DIS experiment at HERMES is carried out with DESY-
HERA 27.6 GeV polarized electron beam and the polarized gas
target. HERMES has RICH which enables the distinction of the
created hadron species by the measurement of their velocity with
their Cherenkov radiation. Its detailed application can be found
in [29]. Therefore it is possible to get the data of the polarized
semi-inclusive DIS (polarized SIDIS) process as follows.

~e + ~N → e′ + H +X . (3.18)

The polarized SIDIS was also carried out in Spin Muon Collabora-
tion (SMC) experiment with the 190 GeV CERN polarized muon
beam though the species of the created hadron H were not distin-
guished. The detailed configuration can be found in [30]. (Compass
experiment, which is running at CERN, can also identify hadrons
by RICH detector [31].)

By virtue of the universality of PDFs, this process can be also
employed to analyze the polarized PDFs. The structure function
gN1 is rewritten in this case as gN H

1 . gpH1 , for example, is expressed
by the proton polarized PDFs ∆p as follows,

gpH1 (x, z, Q2)

=
1

2

∑

qf , q̄f

e2q

[

∆q(x,Q2) ⊗x ∆Cqq(x, z, α(Q2)) ⊗z D
H
q (z, Q2)

+∆q ⊗x ∆Cgq ⊗z D
H
g

+∆g ⊗x ∆Cqg ⊗z D
H
q

+∆g ⊗x ∆Cgg ⊗z D
H
g

]

, (3.19)

where arguments are omitted from the third line, DH
p is the target-

independent unpolarized fragmentation functions which can be ex-
tracted from SIA experiments and ⊗i means the convolution inte-
gral Eq.(2.87) with an argument i. The polarized SIDIS coefficient
functions can be found in [21] for example. As the polarized DIS
case, usually gN H

1 is extracted indirectly from the asymmetry as

AN H
1 (x, z, Q2) ' gN H

1 (x, z, Q2)

FN H
1 (x, z, Q2)

, (3.20)
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where FN H
1 is the structure function of the unpolarized semi-inclusive

DIS process like

e + N → e′ + H +X . (3.21)

FN H
1 is given like Eq.(3.19) but substituting the polarized PDFs

and coefficient functions with the unpolarized counterparts. The
coefficient functions of the unpolarized SIDIS can be found also in
[21] for example.

In my analysis I used the asymmetry data of the polarized SIDIS
given by HERMES and SMC [29, 30]. Therefore I had to calculate
FN H

1 too. In addition, the asymmetry data published by HERMES
and SMC are that of the number of all the created hadron H but
not the number of H with a certain value of z. Therefore HERMES
and SMC SIDIS asymmetries are not given at a certain z, but the
integrated asymmetries for z:

AN H
1 (x,Q2)|Z '

∫

Z
gN H
1 (x, z, Q2)

∫

Z
FN H

1 (x, z, Q2)
, (3.22)

where Z is the kinematic region covered by the detected final
hadrons in HERMES and SMC environment.

3.2 Analysis of polarized PDFs

In this section, I show the detail of my analysis. As mentioned
in the previous section, I need to use unpolarized PDFs and frag-
mentation functions (FFs) when the polarized SIDIS is included
in the analysis. Throughout the Q2 evolutions of polarized PDFs,
unpolarized PDFs and FFs, I made programs to solve the cor-
responding integrodifferential DEGLAP equations like Eqs.(2.88)
and (2.89) or Eqs.(2.103) and (2.104), based on the splitting func-
tions given in the references indicated in the section 2.5. Also for
the construction of the corresponding structure functions, I calcu-
late the convolution integral in Bjorken x with the corresponding
distributions and coefficient functions which can be also in the ref-
erences listed in the section 2.5. This method of calculation in
Bjorken x space is called “brute force method”. A strong point
of this method is that the calculation process can be understood
intuitively and programmed more easily.
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But it is well-known that there are other more effective meth-
ods from the point of view of the calculation time. As the conse-
quence of the mass factorization method, the results of the factor-
ization are expressed as the simple product between the Mellin-
transformed quantities. Therefore, the calculation time of the Q2

evolution considerably get shorter when the evolution is carried
out in the moment space.

However, for the inverse Mellin-transformation needed to com-
pare with the experimental results given in Bjorken x space, the
Mellin-transformation must be carried out over the complex plane
and it is not so easy to construct the program. Indeed there exist
many packages to calculate DGLAP Q2 evolution based on Mellin-
transformation method [32], but I hesitated to use them without
good understanding of the calculation processes. So I decided to
make the programs by myself in the brute force method even if the
calculation time can be sacrificed and the better understanding of
Mellin-transformed calculations is kept for the future study.

3.2.1 Parameterization

For initial distributions of unpolarized polarized PDFs and FFs,
we have to assume some functional form which seems plausible and
many kinds of distributions are suggested in the previous studies
of each analysis group.

I employed GRV98 [33] as unpolarized PDFs and GRSV01 [27]
as polarized PDFs and Kretzer00 [34] as FFs. In these distribu-
tions, the initial scale of Q2 evolution (input scale µ2

0) is consistently

µ2
0LO = 0.26 GeV2, µ2

0NLO = 0.40 GeV2, (3.23)

and each functional form is given as

p(x, µ2
0) = N ′xα

′

(1 − x)β
′

(1 + γ′
√
x + ρ′ x) (3.24)

∆p(x, µ2
0) = Nxα(1 − x)β p(x, µ2

0) (3.25)

D(x, µ2
0) = N ′′xα

′′

(1 − x)β
′′

. (3.26)

These functional forms are proper for the Mellin-transform analy-
sis because their Mellin-transformation reduce to the simple form
of gamma function. Indeed I employed the brute force method, but
I’m going to use these parameterizations. With these initial pa-
rameters given, DGLAP equation and coefficient functions provide
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the theoretical prediction of the structure functions and distribu-
tions for any x and Q2. Comparing with the experimental results
of the structure functions including new results, we can improve
the (initial) distributions or equivalently renew the insight of the
hadron structure.

Now the positivity condition for polarized PDFs Eq.(3.5) re-
duces to, at the initial scale, the constraints between parameters
as

|N | αα β β

(α + β)α+β
≤ 0 . (3.27)

The other initial condition needed for my analysis is that of the
running coupling constant αs(Q

2). Following GRV98 and others,
the condition is given at the Z boson mass scale (MZ = 91.19 GeV)
as

αNLOs (M2
Z) = 0.114 , αLOs (M2

Z) = 0.125 . (3.28)

The evolution of the coupling is provided by the differential equa-
tion Eq.(2.55) to the each order. What has to kept in mind is the
change of the number of quark active flavors along with Q2 evolu-
tion. By the result of e+ + e− → q + q̄ process, the masses of heavy
quarks turned out to be

mc = 1.4 GeV, md = 4.5 GeV, mt = 175 GeV . (3.29)

Therefore, across the scale, the system of QCD changes to include
the new flavor quark (nf → nf + 1). The change of the active flavor
number affects many results of the calculation. Usually the mass
effect of the heavy quark which appears only in the coefficient
function is still neglected. (By virtue of the mass independent
renormalization (like MS scheme), the renormalization function
β, γ is not influenced by the quark mass.) Therefore the effect
is taken into account in each system by the change of the flavor
number nf which appears everywhere in the results listed in the
section 2.5. As the Q2 evolution extended to large scales, I have to
go across the different systems. Therefore, the connection between
the different systems is needed. Commonly the connection is taken
so that the running coupling constants are continuously connected
at the transition scale. (Note that the scale dependence of β , γ and
other field theoretic results comes only through αs except for the
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change nf → nf + 1. Therefore, for the field theoretical results, the
issue concerned with the connection exists only in αs. It must be
also noted that the freedom of the choice of the renormalization
scale µ still holds because of the freedom of the definition of g
(renormalized coupling) in the each system. ((Thinking of g as an
unique constant of QCD, µ must be fixed when the sysmtem goes
across to its neighboring one. However the freedom of the choice
of µ still exits in the initial system.)) )

With the initial condition Eq.(3.28), the evolution of α(Q2) is
given as Figs. 3.1 and 3.2 to NLO and LO respectively. I could
surely get the continuous results for the αs evolution and I applied
these results to my analysis.
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Figure 3.1: Q2 evolution of αNLOs from µ2
0NLO to 200 GeV2

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 1  10  100

PSfrag replacements

Q2

α
s

Figure 3.2: Q2 evolution of αLOs from µ2
0LO to 200 GeV2
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3.2.2 χ2 fitting process and experimental data

To find the best estimated parameters with the experimental data,
χ2 fitting based on the principle of maximum likelihood are com-
monly used. Here χ2 is given by

χ2 =

Nd
∑

i=1

(Di − Ti)
2

σ′
i
2 , (3.30)

where Nd is the number of data used in the fitting, Di the exper-
imental data, Ti the theoretically calculated corresponding value
and σ′

i
2 the experimental error which is the quadratic combination

of the statistical and systematic error. The best estimated param-
eters are determined in the fitting so that the χ2 value becomes
minimum. The general argument based on the principle of maxi-
mum likelihood is discussed briefly in [35]. For my fitting I used
MINUIT algorithm in CERN library.

I discrete Bjorken x (0 ≤ x ≤ 1) in 103 segments, and Q2 (µ2
0 ≤

Q2 ≤ Q2
max) in 102 segments for numerical calculation. The segmen-

tation is made in logarithmic scale. Irrelevant to the concerned
high energy process, typical time for the DGLAP evolution was 2
min. (LO) and 15 min. (NLO) respectively on the Linux server
(Pentium4 3.0 GHz and 1 GB RAM).

The data for the fitting to determine the polarized PDF param-
eters are listed in Table 3.1-3.3. For the used experimental data,
I also plotted their kinematic range in x-Q2 plane in Figs. 3.3-3.5.
Here I eliminated the data with Q2 smaller than 1 GeV2 following
[28].

Table 3.1: gp1 data used in my fitting
Experiment EMC[25] SMC[36] E143[37] E155[38] HERMES[39]

Number of data 10 12 28 23 19

Table 3.2: gn1 data used in my fitting
Experiment SMC[40] E143[37] E142[41] E154[42] HERMES[43]

Number of data 12 28 8 17 9
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Table 3.3: AH
1 data used in my fitting. h± means positively or negatively

charged hadron expressed as h± = π± +K± +Hrest±. The number is that of
proton data and the number with brackets is that of deuteron.

Experiment SMC[30] HERMES[29]
(H = h+) 12(12) 9 (9)
(H = h−) 12(12) 9 (9)

Number (H = π+) 0 (0) 9 (9)
of data (H = π−) 0 (0) 9 (9)

(H = K+) 0 (0) 0 (9)
(H = K−) 0 (0) 0 (9)
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Figure 3.3: x-Q2 range covered by the gp1 data listed in Table 3.1
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Figure 3.4: x-Q2 range covered by the gn1 data listed in Table 3.2

 1

 10

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45  0.5

SMC SIDIS data
HERMES SIDIS data

PSfrag replacements

Q
2

x

Figure 3.5: x-Q2 range covered by the SIDIS data in Table 3.3 : SMC data
have the same x-Q2 for the four different asymmetries in Table 3.3, and
Q2 value of the data is averaged to 10.0 GeV because of the negligible Q2

dependence as indicated in [30].
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3.2.3 Equipment for fitting

For the numerical calculation of neutron structure function gn1 , I
employed the polarized PDFs of proton with the interchange be-
tween up and down quarks ( ∆u ↔ ∆d, ∆ū ↔ ∆d̄ ).

The SIDIS data I employed include deuteron (p + n) data in
stead of that of neutron. I calculated gdH1 by

gdH1 =
1

2
(̇gpH1 + gnH1 )[1 − 3ωD

2
] (3.31)

with ωD = 0.058. The meaning of ωD can be found in [44, 45]. The
Z range of the integration in Eq.(3.22) is taken in my calculation
as 0.2 ≤ z ≤ 1 both for SMC and HERMES SIDIS data.

Polarized PDFs receive the constraint for the their first moment
combinations δq3 δq8 (Eqs.(3.14) and (3.15)) from the result of the
β-decay and flavor-changing hyperon β-decay [46].

δq3 = 1.2670(35) , δq8 = 0.58 ± 0.15 . (3.32)

Roughly speaking, hadron β decay can be considered as a neutrino
elastic scattering process by crossing. Therefore the results can
give the information of the form factor, equivalent to x-integrated
structure function, of the decay hadron and can constrain the first
moment of the structure function.

It must be noted that these constrains are based on the full fla-
vor SU(3) (u, d, s) symmetry. But I employed the more natural fully
broken-SU(3) distributions as the input distributions like “valence
(broken-sea) scenario” in GRSV01 [27]. As indicated in [27], the
constrains Eq.(3.32) are then rewritten, based on the discussion in
[47, 48], as

δu(µ2
0) + δū(µ2

0) − ( δd(µ2
0) + δd̄(µ2

0) ) = 1.2670(35) = A (3.33)

δu(µ2
0) − δū(µ2

0) + ( δd(µ2
0) − δd̄(µ2

0) ) = 0.58 ± 0.15 = B . (3.34)

These can be rewritten as

δu(µ2
0) − δd̄(µ2

0) =
A+B

2
(3.35)

δū(µ2
0) − δd(µ2

0) =
A− B

2
. (3.36)
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It is noted that the constrain Eq.(3.34) is not a constant of Q2 evo-
lution in this case. I imposed these constraints for the initial un-
polarized PDFs in my analysis. It must be noted these constraints
are only for the first moment so that the ambiguity between quark
and anti-quark distributions still exists. Therefore a few assump-
tions for anti-quark initial distributions are still needed.

In “valence (broken-sea) scenario” in GRSV01, except the as-
sumptions which seem to be quite plausible at the low input scale
Eq.(3.23) as

∆s(x, µ2
0) = ∆s̄(x, µ2

0) = 0 , (3.37)

the following assumptions are applied for initial distribution

∆d̄(x, µ2
0) = ∆ū(x, µ2

0)
∆u(x, µ2

0)

∆d(x, µ2
0)

(3.38)

However these artificial assumptions should be removed or the
plausibleness of them must be confirmed by experimental results.
I emphasize that the elimination (estimation) of the assumption
Eq.(3.38) is the subject of my analysis with SIDIS data.

3.2.4 Confirmation of numerical calculation with my
programs

In the extraction of the unpolarized PDFs by fitting, the usage
of polarized SIDIS data requires to prepare the unpolarized PDFs
and FFs to any x and Q2. Hence, at first, I had to check the validity
of my calculation of the DGLAP equation not only for polarized
PDFs but also for unpolarized PDFs and FFs. In this subsection
I’m going to present the results of my calculation of the unpolarized
DIS, SIA and polarized DIS processes with the initial parameters
given in [33, 34, 27].

Result of unpolarized DIS

I got the results shown in Figs. 3.6 and 3.7 for the proton struc-
ture function F p

2 to LO and NLO with the brute force numerical
calculation. In these figures, the numerical results of the Q2 evo-
lution of F p

2 is plotted for a typical x with the corresponding ex-
perimental data. They are multiplied by a factor shown in these
plots for easier view. The change of the number of the active
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flavors at the transition scales were taken into account in the evo-
lution as indicated in [33]. These results agreed well with the re-
sults given in [33]. The experimental data for the comparison are
[49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59].

Because the unpolarized PDFs calculated in my program turned
out to reconstruct the unpolarized DIS results well, I decided to
use them as (proton) unpolarized PDFs needed for the calculation

of F
H (p, d)
1 .

Result of SIA

I obtained the LO and NLO results shown in Fig. 3.8 for the normal-
ized differential cross section of the process e+ +e− → h+ +X, where
h+ means the positively charged hadrons expressed as π+ + K+ +
H rest+. The numerical results are plotted at typical Q2s over the
full z range (0 ≤ z ≤ 1) with corresponding experimental data. They
are multiplied by a appropriate factor for easier view. I changed
the quark flavor number according to the way of Kretzer00 [34].
It is noted that in this case the transition scale Eq.(3.29) is taken
just for the DEGLAP equation, and, for the coefficient functions,
the transition takes place at the scale (2mi)

2 as indicated in [34].
These results coincided well with those of [34]. The experimental
data for the comparison are [60, 61, 62, 63, 64, 65, 66, 67, 68].

As the adequacy of DGLAP equation of my program was cer-
tainly confirmed, I decided to apply FFs (D±π, D±K, D±res.) calcu-
lated by this DGLAP evolution.

Result of polarized DIS

I had the LO and NLO results shown in Fig. 3.9 for the proton
spin-dependent structure function gp1. The form of the plot is the
same as F p

2 . I applied “valence (broken-sea) scenario” given in [27]
for my calculation. As pointed out in [27], the effect of the change
of the active flavor to the structure function is negligible (a few
%) and omitted throughout my analysis except for the running
coupling constant. These results reproduced those of [27] well.

This ensures the validity of the polarized splitting functions and
coefficient functions used in my program. The experimental data
used in this comparison are [25, 36, 37, 38, 39].
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Figure 3.6: Q2 evolution of F p
2 at low Q2 region : The numerical results with

typical x values are plotted with the corresponding experimental data. They
are multiplied by a factor shown in the figure. LO results are plotted by solid
lines, and NLO results by dashed lines.
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by solid lines, and NLO results by dashed lines.
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Chapter 4

Results and discussion

In the following I use the term GRSV01 as indicating the paper
[27]. The parameters of the initial polarized PDFs are subject to
the parameterization Eq.(3.25). At first, I checked the consistency
of my fitting results with that of GRSV01 with inclusive polarized
DIS data only. The results were given in the section 4.1. In the
section 4.2, I showed the results of the fitting including SIDIS data
and discussed how much the SIDIS data affected the determination
of polarized PDFs. In this chapter, as the previous, PDFs mean
those of proton.

Before discussing the each results, I want to point out that I
fixed the β’s and gluon parameters at those of GRSV01 throughout
my analysis. I noticed that the β in the polarized PDF parameter
did not fixed well in my calculation method based on the brute
force method. The reason could be considered to come from the
lack of the data in large x region. It is better to remark that the
fit by setting α and β as fixed and free parameters did not affect
the reduced χ2 so much. Moreover the gluon parameters were not
determined well neither especially in LO analysis. I summarized
these problems in the next chapter.

4.1 Fitting results with polarized DIS data

and discussion

In order to compare result from my fitting program with GRSV01,
only the inclusive DIS data, gp,n1 listed in Table 3.1 and 3.2 are used
in analysis.
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I used the same parameterization as “valence (broken-sea) sce-
nario” in GRSV01 to check how much the results with my program
and the polarized DIS data set are consistent with that of GRSV01.
For the results of GRSV01, please refer to the original paper [27].
I set the constraints Eqs.(3.33) and (3.34) and (3.37) and (3.38) as
those of GRSV01. The assumption Eq.(3.37) means the contribu-
tions of the strange quarks disappear in the small Q2 region such
as the input scale Eq.(3.23) and that seems plausible. The number
of fitting parameter then reduced to only 4 by the constrains and
the fixation of β’s and the gluon parameters.

I obtained the results shown in the sections 4.1.1 - 4.1.3. In the
section 4.1.1, I listed the parameters of the initial polarized PDFs
obtained by the LO and NLO fittings. In the section 4.1.2, I listed
the values of the first moments of the polarized PDFs calculated
by the optimized parameters at different Q2s. In the section 4.1.3,
I compared the fitting results with those of GRSV01 for the struc-
ture function gp1 with typical experimental data. The form of plot
is the same as Fig. 3.9. The polarized quark distribution functions
x∆q(x, µ2

0) are also compared with those of GRSV01 in the section.

The number of DGLAP evolution loops was about 700 for the
LO fitting and 500 for the NLO. For the NLO fitting, the total
calculation time rose up to 1 week. Therefore, I couldn’t help but
fix the gluon parameters also in the NLO fitting even though it is
expected that gluon contribution would become more significant
in NLO.

For both LO and NLO cases, it turned out that the given param-
eters listed in Table 4.1 and 4.2 are surely satisfied the positivity
condition Eq.(3.27). As indicated in the reduced χ2 values in those
tables, the perturbative stability could be observed in my fitting.

In the NLO fitting, the consistency with that of GRSV01 could
be surely observed and the first moment listed in Table 4.4 indi-
cates that the quark (longitudinal) spin contributions to proton
spin are totally about 25% and the sum with gluon contribution
according to Eq.(3.8) becomes 0.45 at the initial scale µ2

0NLO. This
means in such a low Q2 region angular momentum contribution to
the proton spin get small and the motion of partons become co-
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herent to that of the proton. But it must be noted that the gluon
parameter determined by GRSV01 has large uncertainty and the
understanding of the origin of the proton spin can collapse.

On the other hand, in the LO fitting, I observed the considerable
large deviation from the result of GRSV01. As listed in Table 4.3,
the first moment combinations δq3 and δq8, which must conserve in
Q2 evolution, changed its value to the second order of the decimal
fractions and the δd̄ value looks large. They would come from the
finite value of x∆d̄ which still remains even in the small x region
and does not converge to 0 enough faster as can be explicitly seen
Fig. 4.6. Is would be clear when Fig. 4.6 is compared with Fig. 4.12.
It must be noted that the behavior at small x is determined by the
xα as it obvious from the parameterization Eq.(3.25). Thinking of
the assumption Eq.(3.38) it turned out that the finiteness of x∆d̄ at
small x results from the smallness of the combination α∆u+α∆ū−α∆d
in Table 4.1. Noted that the figure is of x∆d̄, the finiteness causes
the somewhat large contribution of ∆d̄ at small x to δd̄. To treat
small x (∼ 0.005) experimental data correctly, I set logarithmic
segmentation for x and I set the minimum value of x to 10−4 and
neglect the contributions from x smaller than the minimum x in
both the LO and NLO calculations. Indeed for the NLO calculation
it turned out that the minimum x could be enough small from the
results, but it might be not small enough for the LO calculation.
It can be expected that the ambiguity of the ∆d distribution at the
small x could affect the conservation of the first moment.

It has to be noted that the change of the minimum of x can
affect not only the distribution ∆d but also the other distributions
through the first moment constrains. Moreover, from the con-
strains Eqs.(3.33) and (3.34), δd̄ is related to δu and δū is related to
δd and through the other group analysis [26, 27, 28], ∆u has been
already known to be constrained more strictly (more stable) by
the experimental data. (This could be found intuitively through
Figs. 4.2, 4.8 and 4.28 also in my analysis.) Therefore the expected
change of the first moment of ∆d̄ according to the change of the
minimum could be suppressed and could affect considerably the
fitted parameters I got. In the Mellin transform method which
GRSV group applied, the problem of the small x can be avoided
by the obvious Mellin transformation of the initial distributions
over the full range of x (0 ≤ x ≤ 1). Hence for executing the LO
calculation consistently with that of GRSV01, It turned out that I
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still have to set the minimum to a smaller value.
It must be also noted that, because the errors of α exponentially

affects the small x behavior of ∆d̄, the error band of ∆d̄ can be
considered to be large. Therefore the first moment results which
is concerned with ∆d̄ is expected to have the large errors. The
smallness of the δΣ could be explained through the estimation of
the error.

Another candidate to improve my LO analysis would be to in-
crease the number of the data set. I used the g1 data for proton
and neutron, but did not employ the deuteron data just for sim-
plicity. As it obvious from the comparison between Figs. 4.1 and
4.7, the LO numerical calculation of g1 deviates widely from that
of GRSV01 especially for small x. This gap can be considered to
be made up for by the error according to the ambiguity of distri-
butions in small x region. However, by increase the data at small
x, it can be expected that I could impose stronger constrain to the
behavior of α parameters.

In the LO calculation, the Q2 evolution of the structure function
is covered only with the evolution of the polarized PDFs even in
the low Q2 region. It is contrast to the NLO case where the NLO
coefficient function becomes more significant in such a low Q2. It
could be said that the LO distributions are affected by the data
set more strongly. Therefore to increase the data can considerably
change the PDF result I got. It must be pointed out that GRSV01
analysis included the deuteron data. On the other hand, at the
NLO, the higher order correction of the coefficient function can
contributes considerably in small Q2 (∼ 1 GeV2) as expected from
the evolution of the αs (Figs. 3.1 and 3.2). In such Q2 range where
g1 is investigated, the correction becomes more important. Be-
cause of the perturbative stability found in the reduced χ2 values,
it turned out to be more plausible that the part of Q2 evolution of
g1 should be covered by that of the coefficient functions. Therefore
PDFs given through the NLO analysis reconstructed the structure
function more naturally over the large Q2 region. This could results
in the insensitivity of the NLO analysis to the data set. This might
be the reason why the PDFs given by the NLO analysis could avoid
the problem which the LO analysis had.

These discussion strongly impressed the significance of the error
estimation on me for both the NLO and LO analysis. But unfor-
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tunately I do not estimate yet the errors of the each distribution
and the structure function from the uncertainty of the optimized
parameters and the other parameters like the minimum value of x.
I keep this work for the future study.
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4.1.1 Table of the parameters obtained by fitting

The parameters given by LO fitting

Table 4.1: The parameters given by LO fitting are shown. The values with
bracket was fixed in the fitting. The values without error is determined by
the first moment constraints. It is Noted that these contains errors correlated
each other.

N α β

∆u 1.62 1.07±0.07 (0.27)
∆d -3.83±0.32 1.47±0.04 (1.31)
∆ū 0.57 0.43±0.04 (1.93)

∆s = ∆s̄ (0) (0) (0)
∆g (6.637) (2.00) (1.50)

χ2/(number of freedom) 1.08

The parameters given by NLO fitting

Table 4.2: The parameters given by NLO fitting are listed. The values with
bracket was fixed in the fitting. The values without error is determined by
the first moment constraints. It is Noted that these contains errors correlated
each other.

N α β

∆u 2.67 1.23±0.04 (0.64)
∆d -3.80±0.43 1.52± 0.05 (1.06)
∆ū 1.28 0.60±0.08 (2.00)

∆s = ∆s̄ (0) (0) (0)
∆g (20.45) (2.92) (1.68)

χ2/(number of freedom) 0.91
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4.1.2 Table of first moments of polarized PDFs

The first moments given by LO fitting results

Table 4.3: list of the first moments : these are calculated by using the results
given in Table 4.1

Q2 (GeV2) δu δd δū δd̄ δs = δs̄ δg δΣ δq3 δq8

µ2
0LO 0.56 -0.24 0.09 -0.34 0.00 0.30 0.08 1.23 0.08
1. 0.57 -0.24 0.09 -0.33 ' 0 0.59 0.09 1.22 0.09
5. 0.57 -0.24 0.09 -0.32 ' 0 0.91 0.10 1.21 0.10
10. 0.57 -0.24 0.09 -0.32 ' 0 1.07 0.10 1.21 0.10
20. 0.57 -0.24 0.09 -0.31 ' 0 1.21 0.11 1.21 0.11

The first moments given by NLO fitting results

Table 4.4: list of the first moments calculated by using the results listed in
Table 4.2

Q2 (GeV2) δu δd δū δd̄ δs = δs̄ δg δΣ δq3 δq8

µ2
0NLO 0.64 -0.24 0.10 -0.27 0.00 0.33 0.23 1.25 0.23
1. 0.64 -0.24 0.10 -0.27 ' 0 0.58 0.23 1.25 0.23
5. 0.64 -0.24 0.10 -0.26 ' 0 0.96 0.23 1.25 0.23
10. 0.64 -0.24 0.10 -0.26 ' 0 1.11 0.24 1.25 0.23
20. 0.64 -0.24 0.10 -0.26 ' 0 1.25 0.24 1.25 0.23
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4.1.3 Comparison of fitting results

Comparison of LO fitting results with those of GRSV01
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Figure 4.1: Q2 evolution of gp1 : gp1 obtained by my fitting is compared with
that of GRSV01 (Fig. 3.9). The plotted experimental data and plotting form
are the same as Fig. 3.9. The solid lines are the result of my fitting, and the
dashed lines are that of GRSV01.
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: The LO fitting result is plotted by solid line, and the LO result of GRSV01
by dashed line.
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Figure 4.3: x∆d at the initial scale µ2
0LO compared with GRSV01 distribution

: The form of plot is the same as Fig. 4.2
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Figure 4.4: x∆ū at the initial scale µ2
0LO compared with GRSV01 distribution

: The form of plot is the same as Fig. 4.2
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Figure 4.5: x∆d̄ at the initial scale µ2
0LO compared with GRSV01 distribution

: The form of plot is the same as Fig. 4.2
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Figure 4.6: x∆d̄ at the initial scale µ2
0LO compared with GRSV01 distribution

in logarithmic scale : The form of plot is the same as Fig. 4.2
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Comparison of NLO fitting results with those of GRSV01
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Figure 4.7: Q2 evolution of gp1 : gp1 obtained by my fitting is compared with
that of GRSV01 (Fig. 3.9). The plotted experimental data and plotting form
are the same as Fig. 3.9. The solid lines are the result of my fitting, and the
dashed lines are that of GRSV01.
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Figure 4.8: x∆u at the initial scale µ2
0NLO compared with GRSV01 distribu-

tion : The NLO fitting result is plotted by solid line, and the NLO result of
GRSV01 by dashed line.
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Figure 4.9: x∆d at the initial scale µ2
0NLO compared with GRSV01 distribu-

tion : The form of plot is the same as Fig. 4.8.
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Figure 4.10: x∆ū at the initial scale µ2
0NLO compared with GRSV01 distri-

bution : The form of plot is the same as Fig. 4.8.
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Figure 4.11: x∆d̄ at the initial scale µ2
0NLO compared with GRSV01 distri-

bution : The form of plot is the same as Fig. 4.8.
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Figure 4.12: x∆d̄ at the initial scale µ2
0NLO compared with GRSV01 distri-

bution in logarithmic scale : The form of plot is the same as Fig. 4.8.
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4.2 Fitting results including SIDIS data and

discussion

First of all, I had to abandon NLO SIDIS analysis because of the
the complexity of the SIDIS coefficient functions [21]. The NLO
calculation to construct the SIDIS structure functions consumed
incredibly a lot of time. Hence I could not help but to limit my
analysis to LO. However, because the SIDIS data have only small
Q2 dependence [30] and the data are given in large enough Q2 (SMC
data at ∼ 10.0 GeV2, HERMES data at ∼ 2.5 GeV2), it could be
expected that the difference between LO and NLO calculations
would be small when I considered how the SIDIS data affects the
previous results with the inclusive polarized DIS data only.

The aim of including SIDIS data was mainly to take the some-
what artificial assumption Eq.(3.38) off the fitting procedure. Then
the more natural treatment of the polarized PDFs become possi-
ble. I used the SIDIS data listed in Table 3.3 and set the constrains
Eqs.(3.33) and (3.34) and the plausible assumption Eq.(3.37). The
initial distribution of ∆d̄ was given as the others by the parame-
terization Eq.(3.25) with unpolarized PDF d̄. I set the β of ∆d̄ as
a free parameter. Then the number of the parameters optimized
in the fitting became 7. (The other β’s and the gluon parameters
still kept fixed.)

I obtained the results shown in the section 4.2.1 - 4.2.3. In the
section 4.2.1, I showed the parameters of the initial polarized PDFs
determined by the fitting. In the section 4.2.2, the first moment
values of the polarized PDFs are listed, which are calculated with
the determined parameters at different Q2s. In the section 4.2.3,
I compared the fitting results with those of GRSV01 for gp1 with
experimental data. The form of plot is the same as Fig. 3.9. I also
showed the integrated asymmetries calculated by the optimized pa-
rameters with the corresponding experimental data in Figs. 4.14-
4.27 to make the fitting consequence obvious. In Figs. 4.14 - 4.23
with HERMES data, I neglected the correction for the experimen-
tal data to align them to the same Q2(= 2.5 GeV2). The correction
was neglected already in the original SMC data [30] because of the
negligible Q2 dependence. The polarized PDF results were com-
pared with those of the previous LO analysis in Figs. 4.28 - 4.32.
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The number of loops taken by finalizing the fitting was about
3000, which is equal to about 4 days.

It is clear from Table 4.5 that the optimized parameters surely
satisfied the positivity condition. The β parameter of ∆d̄ could not
be determined well as the other β’s. It turned out that the param-
eters had larger errors especially for those of d quark (or equiv-
alently ū quark through the first moment constrain) than those
of the previous LO analysis. This would partially come from the
elimination of the assumption Eq.(3.38). It could be expected that,
in the previous analysis, through the stability of the distribution
∆u, the other parameters would be determined well by the rela-
tion Eq.(3.38) and the determination of the parameters strongly
depended on the relation.

The reduced χ2 value 1.42 given in Table 4.5 was larger than
that of the previous inclusive analysis. This can be seen as the
large deviation of the numerical calculation from the experimental
data especially in Figs. 4.20 - 4.23 with HERMES deuteron data.
It was found that ∆u and ∆d̄ were stable and well determined.
Especially the obtained ∆u was quite consistent with the inclusive
DIS result as shown in Fig. 4.28. The most important thing is that
∆d̄ was well fixed without the assumption Eq.(3.38) (except for its
β parameter).

As in the LO results of the previous section, the smallness of
the β parameter caused the finite value of x∆d̄ at small x as can be
seen in Figs. 4.31 and 4.32. The non-conservation of the particular
first moment combinations δq3, δq8 was observed again as shown
in Table 4.6. The problem could not be removed even with the
SIDIS data as expected from the fact that the PDF results of the
previous DIS analysis can reconstruct SIDIS data well. Therefore
for the settlement of the problem, I would have to improve the LO
polarized DIS analysis first. Indeed the large errors are expected
to be included, the quark spin contribution to proton spin was
formally given as 16% at the initial scale µ2

0LO as shown in Table 4.6,
and the sum with the gluon contribution became 0.38. I have to
reemphasize that the gluon distribution, which was fixed in my
analysis, also includes large errors as indicated in [27].
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I tried to do the previous DIS analysis with the assumption
Eq.(3.38) eliminated as in this section. but I could not fixed α of
∆d̄ at a meaningful value (α→ 0) only by the polarized DIS data.

In addition, I also did a fitting by the parameterization used in
the previous section with SIDIS data included. The results of the
analysis were plotted in the PDF plots Figs. 4.28- 4.32 as “SIDIS
fitting results (GRSV)”. The reduced χ2 value of the fitting was
1.52. This value is slightly larger than that of Table 4.5. Therefore
It can be said that the plausibleness of the parameterization of this
section in SIDIS analysis could be formally confirmed.

However, as it is obvious from Figs. 4.28- 4.32 and only slightly
different reduced χ2 value, the PDF results given in the previous
inclusive DIS analysis were not so changed and the previous PDFs
turned out to be well consistent with the SIDIS data. This agree-
ment means the plausibleness of the assumption Eq.(3.38) over the
analysis of the DIS and SIDIS processes. However the important
thing is the fact that I could take off the assumption with SIDIS
data and could apply the more natural treatment to the polarized
PDFs. The consistency of the previous DIS analysis with the SIDIS
data is indicating just the plausibleness of the assumption.

I do not estimate the effect of errors yet. When the effect of
errors to g1 or AH1 is determined well, I could judge which data
affects the determination of the fitted parameters more than nec-
essarily and causes unwilling behavior of ∆d at small x. If some
data are considerably separated from the error band, I could in-
tend that the data have a large effect on the determination of the
fitting parameters.

When the contribution of the parameter errors to PDFs in this
analysis are neatly estimated, the true impact of SIDIS data to
PDFs given in Figs. 4.28- 4.32 will become obvious. Until then,
I can not exclude the PDFs given by the analysis based on the
assumption Eq.(3.38). However the slight difference of the reduced
χ2s and the large error which is considered to result from the taking
off the assumption implicitly indicates the difficulty of the exclusion
by the current SIDIS data set.

These discussion based on the quantitative treatment of the
effect of the error is put off to the future study.

82



4.2.1 Table of the parameters obtained by fitting

Table 4.5: The parameters given by the SIDIS fitting are listed. The values
with bracket was fixed in the fitting. The values without error is determined
by the first moment constraints. It must be noted that these contains errors
correlated to the errors of the constrain partner (∆d↔ ∆ū and ∆u↔ ∆d̄).

N α β

∆u 1.73±0.09 1.13±0.05 (0.27)
∆d -6.43±1.13 2.10±0.16 (1.31)
∆ū 1.05 0.34±0.08 (1.93)
∆d̄ -0.38 0.09±0.05 0.00±0.15

∆s = ∆s̄ (0) (0) (0)
∆g (6.637) (2.00) (1.50)

χ2/(number of freedom) 1.42

4.2.2 Table of first moments of polarized PDFs

Table 4.6: list of the first moments calculated by the parameters given in
Table 4.5

Q2 (GeV2) δu δd δū δd̄ δs = δs̄ δg δΣ δq3 δq8

µ2
0LO 0.55 -0.17 0.16 -0.38 0.00 0.30 0.16 1.26 0.16
1. 0.55 -0.17 0.15 -0.37 ' 0 0.61 0.17 1.25 0.17
5. 0.56 -0.17 0.15 -0.36 ' 0 0.95 0.18 1.24 0.18
10. 0.56 -0.17 0.15 -0.36 ' 0 1.11 0.18 1.24 0.18
20. 0.56 -0.17 0.15 -0.35 ' 0 1.26 0.18 1.24 0.18
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4.2.3 Comparison of fitting results
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Figure 4.13: Q2 evolution of gp1 : gp1 obtained by my fitting is compared with
that of GRSV01 (Fig. 3.9). The plotted experimental data and plotting form
are the same as Fig. 3.9. The solid line is the result of my fitting, and the
dashed line is that of GRSV01.
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Figure 4.14: HERMES Ap h+
1 data at 2.5 GeV2 compared with LO fitting
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Figure 4.15: HERMES Ap h−
1 data at 2.5 GeV2 compared with LO fitting

result
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Figure 4.16: HERMES Ap π+
1 data at 2.5 GeV2 compared with LO fitting

result
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Figure 4.17: HERMES Ap π−
1 data at 2.5 GeV2 compared with LO fitting

result
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Figure 4.18: HERMES Ad h+
1 data at 2.5 GeV2 compared with LO fitting

result
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Figure 4.19: HERMES Ad h−
1 data at 2.5 GeV2 compared with LO fitting

result
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Figure 4.20: HERMES Ad π+
1 data at 2.5 GeV2 compared with LO fitting

result
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Figure 4.21: HERMES Ad π−
1 data at 2.5 GeV2 compared with LO fitting

result
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Figure 4.22: HERMES Ad K+
1 data at 2.5 GeV2 compared with LO fitting

result
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Figure 4.23: HERMES Ad K−
1 data at 2.5 GeV2 compared with LO fitting

result
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Figure 4.24: SMC Ap h+
1 data at 10.0 GeV2 compared with LO fitting result
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Figure 4.25: SMC Ap h−
1 data at 10.0 GeV2 compared with LO fitting result
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Figure 4.26: SMC Ad h+
1 data at 10.0 GeV2 compared with LO fitting result
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Figure 4.27: SMC Ad h−
1 data at 10.0 GeV2 compared with LO fitting result
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Figure 4.28: x∆u at the initial scale µ2
0LO compared with the previous LO

fitting result : I also plotted the fitting results by the previous LO analysis
but including SIDIS data too (“SIDIS fitting result(GRSV)“ with dashed-
dotted line). SIDIS fitting result is plotted by solid line and the previous LO
result by dashed line.
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Figure 4.29: x∆d at the initial scale µ2
0LO compared with the previous LO

fitting result : The figure configuration is the same as Fig. 4.28.
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Figure 4.30: x∆ū at the initial scale µ2
0LO compared with the previous LO

fitting result : The figure configuration is the same as Fig. 4.28.
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Figure 4.31: x∆d̄ at the initial scale µ2
0LO compared with the previous LO

fitting result : The figure configuration is the same as Fig. 4.28.
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Figure 4.32: x∆d̄ at the initial scale µ2
0LO compared with the previous LO

fitting result in logarithmic scale : The figure configuration is the same as
Fig. 4.28.
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Chapter 5

Conclusion

Several high energy processes can be treated comprehensively in
the framework of perturbative QCD by virtue of the asymptotic
free feature of QCD. The problem of the color confinement can
be avoided by the factorization which can separate the long and
short distance physics. All the information on the inner structure
of the hadron as a composition of partons (quarks and gluon),
which is beyond the perturbative treatment, can be absorbed in
the language of PDF and FF. By the universality of PDFs and FFs,
the information can be extracted by the pQCD analysis of different
kinds of high energy processes. These frameworks organize the
foundation of my analysis including the SIDIS data.

Through the pQCD analysis on the polarized DIS and SIDIS,
it turned out that the high energy processes are surely analyzable
in the pQCD framework. The perturbative stability gave the con-
fidence in the results of the pQCD analysis. It turned out that
the SIDIS process could be effective in the determination of PDF
for each quark flavor without any assumption. The more natural
treatment of the polarized PDFs became possible by the analysis
with the SIDIS data. However, the result of the SIDIS analysis
still had large uncertainty and it is also consistent with the result
obtained with the inclusive DIS data only. Therefore I could not
exclude the results of analysis based on the assumption yet. I still
have to estimate the errors that the PDFs or the other parameters
contain. The estimation of the errors was more significant in the
results of the LO analysis. For improving my LO analysis which
would also result in improving the SIDIS LO analysis, to increase
the data set might be effective, especially for the deuteron data.
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However some problems still remain through my analysis. As
indicated at the beginning of the chapter 4, β parameters and gluon
parameters could not be well determined in meaningful values in
my brute force calculation. The gluon distribution affects the nu-
merical results only through the DGLAP equation in LO. Therefore
it is plausible that the LO fitting could not fix the parameters well.
In the NLO corrections, the gluon distribution contributes directly
to the structure functions through NLO gluon coefficient functions
in general. So it would be expected that the gluon contribution
becomes large especially for low Q2 (large αs) region though in my
NLO fitting where the gluon parameters are still kept to save the
calculation time. On the other hand, β determines the ∆p behavior
in x ∼ 1 region. This indefiniteness in the large x region was ob-
served in NLO fitting. The reason would be the lack of data in that
range. Indeed the convolution integral for a structure function at
a certain x requires the information of ∆p(y) at larger than the x
(x ≤ y). Therefore it could be said that the contribution of ∆p with
large x to the fitting is small with the current experimental data
set. This fact would be independent of the model and the parame-
terization of unpolarized PDFs. However, in [27], the β parameters
seem to be fixed well. Indeed the calculation method of them is
different (the Mellin transform method), but in principle the both
method must give the same numerical results for the structure
functions. Therefore the same problem might happen also by the
Mellin transform method. But I could not find any notation in the
paper and other papers I referred to. The Mellin transform and
its inversion process might sacrifice the part of information that
the brute force method contains. Or very small x region that I
ignored in my calculation might affect large x region through the
first moment constrains more than I thought. Or merely more
careful parameter fitting process might be required.

I did not calculate NLO SIDIS process because of the incredi-
bly large calculation time which results from the complexity of the
NLO SIDIS coefficient functions. The complexity of the convolu-
tion integrals becomes simple in the Mellin moment space, and it
is known that the consumed time for the DGLAP evolution by the
Mellin transform method is only a few seconds even in the NLO.
The treatment in the Mellin space could make the NLO analysis
of the SIDIS process easier.
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In addition the brute force method inevitably accompany the
calculation errors, which seems to be difficult to estimate, to solve
complex integrodifferential equation including the divergences. More-
over, for the discussion base on the moments of PDFs like quark
spin contribution δΣ, the moment based calculation would be more
proper. These facts also urge me to employ the Mellin transform
method, and then the comprehensive analysis of Q2 evolution would
become possible.
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Appendix A

Dynamics of a rigid body and a
gyroscope

As an appendix, I want to introduce my study for our science school
program at Tamarokuto Science Museum. It was a part of the
community outreach program which Shibata group is running since
2002. When I was asked to be a lecturer of that program, I chose
a gyro as a subject because I wanted to get better understanding
of classical picture of spin and that was a good chance to do it.

This is a brief report of what I did as a preparation for the
class. Basically I referred to [69] for the gyro dynamics. I want
to mention that this study was surely helpful to understand the
mechanism of creation of HERMES polarized target.

A.1 Rigid body dynamics& a gyroscope

A.1.1 Dynamics of a rigid body system

At first, I present mechanics of a rigid body system. The equation
of motion of many body system around an origin is given

d li
dt

= ri ×mi r̈i (li = ri ×mi ṙi). (A.1)

Considering this many body system as a rigid body, each body
is considered to be bound tightly and the distance between those
bodies never change. Then the equation of motion of the rigid

101



body is expressed by the following one equation.

dL

dt
= N ,

(L =
∑

i

li , N =
∑

i

ri × Fi Fi : externalforce).
(A.2)

When the rigid body is fixed at a point, its motion around the
point is uniquely determined by the above one equation only.

Here, to make its motion obvious, define angular velocity vector,
ω, at the fixed point, like,

ω : a rigid body rotets around this vector with angular velocity ‖ω‖ .

Then, the elation of motion can be expressed in terms of ω as the

Figure A.1: the motion of rigid body

following.

At first, try to rewrite angular momentum L in terms of ω.

ṙi = ω × ri

L =
∑

i

ri ×mi ṙi =
∑

i

mi(ri × (ω × ri))

⇒ L = I ω , ω =





ωx
ωy
ωy



 , I : inertial tensor.

(A.3)
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I is given explicitly

I =





Ixx Ixy Ixz
Iyx Iyy Iyz
Izx Izy Izz





=





∑

mi(y
2
i + z2

i ) −
∑

mixiyi −
∑

mixizi
−∑miyixi

∑

mi(x
2
i + z2

i ) −∑miyizi
−
∑

mizixi −
∑

miziyi
∑

mi(x
2
i + y2

i )



 .

(A.4)

Then the equation of motion is,

d I ω

dt
= N. (A.5)

With space-fixed coordinates like Fig. A.1, inertial tensor varies
its value along with the rigid body moves around. Therefore, try
to change coordinates to those fixed on a rigid body so that I in
the new coordinates get unchanged. Noting that these coordinates
also rotate around ω, the equation of motion in the new system is
written as follows.

dL′

dt
+ ω′ × L′ = N ′ ,

where ” ′ ” means the vector treated in the new coordinates.

(A.6)

Moreover, in general, we can choose the new body-fixed coordi-
nates to make its inertial tensor diagonal, which is peculiar to a
rigid body and called “principle inertial axes”.

Choosing the coordinates, the equation of motion becomes as
follows.

I ′
d ω′

dt
+ ω′ × L′ = N ′ , I ′ =





I ′xx 0 0
0 I ′yy 0
0 0 I ′zz



 , L′ =





I ′xx ω
′

I ′yy ω
′

I ′zz ω
′



 .

(A.7)
More explicitly,

I ′xx
d ω′

x

dt
+ ( I ′zz − I ′yy )ω′

z ω
′
y = N ′

x ,

I ′yy
d ω′

y

dt
+ ( I ′xx − I ′zz )ω′

x ω
′
z = N ′

y ,

I ′zz
d ω′

z

dt
+ ( I ′yy − I ′xx )ω′

y ω
′
x = N ′

z .

(Euler Equation) (A.8)
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By the development of ω′ provided by Euler equation, the motion
of a rigid body is uniquely determined. Now, by the virtue of the
ease of the physical concept of ω (ω′), the equation of a rigid body
get more obvious for us to treat.

A.1.2 Mechanics of a gyroscope

Consider a system of a gyro with one end of it fixed at a point like
Fig. A.2.

θ
Z

Z ′

Mg

l

Fixed Point

Figure A.2: a gyro system

Indeed Euler equation is enough to describe the gyro system,
but, in this case, Lagrange formalism is more convenient to derive
the equations of motion.

Potential Energy : U = Mg l cos θ ,

Kinematic Energy : T =
1

2

∑

i

mi ṙ
2
i =

1

2
ω · L ,

⇒ T =
1

2
( I ′xx ω

′
x
2

+ I ′yy ω
′
y
2

+ I ′zz ω
′
z
2
) ( in principle inertial axes ) .

For a rigid body with rotational symmetry, if the fixed point is
chosen on the axis of the symmetry, one of the principle axes is the
axis of the symmetry itself and the other two axes are orthogonal
to the axis.

To align these principle axes in the space-fixed coordinates, de-
fine Euler angles, φ, θ, ψ, in space-fixed coordinates as Fig. A.3.
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Figure A.3: Euler angles

Then ω′
x, ω

′
y, ω

′
z can be expressed in terms of φ, θ, ψ as,

ω′
x = φ̇ sin θ sinψ + θ̇ cosψ ,

ω′
y = φ̇ sin θ cosψ − θ̇ sinψ ,

ω′
z = φ̇ cos θ + ψ̇ .

(A.9)

Lagrangian of this gyro system is then given in terms of Euler
angles like,

L = T − U

=
1

2

(

I ′ (θ̇2 + φ̇2 sin2 θ) + I ′zz (φ̇ cos θ + ψ̇)2
)

−Mg l cos θ

( I ′xx = I ′yy = I ′ ) .

(A.10)

With this Lagrangian, we can derive the equations of motion of
Euler angles. Since L does not have φ, ψ explicitly as variables,
they are cyclic coordinates and the corresponding canonical mo-
mentums, Pφ , Pψ , turn out to be constants of motion.

105



Now the following equations are deduced.

Pφ =
∂L

∂φ̇
= I ′ φ̇ sin2 θ + I ′zz ω

′
z cos θ = const = Mφ ,

Pψ =
∂L

∂ψ̇
= I ′zz (φ̇ cos θ + ψ̇) = const ⇒ ω′

z = (φ̇ cos θ + ψ̇) = const ,

d

dt

∂L

∂θ̇
=
∂L

∂θ
⇒ I ′ θ̈ = ( I ′ φ̇2 cos θ − I ′zz ω

′
z φ̇+Mg l ) sin θ .

(A.11)

A.2 Numerical analysis of gyro motion

A.2.1 Rewriting of the equation of motion

To analyze (A.11), try to make these equations dimensionless first.
For a unit of time, I chose I ′zz ω

′
z /Mg l . If a gyro rotates fast

enough around its symmetry axis (ω′
z � φ̇ , θ̇ ) and the axis does

not leave from the vertical position ( θ � 1 ), its precession motion
(the behavior of φ ) is well described as,

φ̇ =
Mg l

I ′zz ω
′
z

+ A sin (
I ′zz ω

′
z

I ′
t+ δ) ⇒

−

φ̇ =
Mg l

I ′zz ω
′
z

. (A.12)

So, I ′zz ω
′
z /Mg l is a typical time scale of the precession motion of

a gyro.

With the time scale, the equations of motion (A.11) is rewritten
as follows.

t =
I ′zz ωz
Mg l

t̂ = α t̂ ,

d φ

d t̂
= γ f(θ) γ =

αI ′zz ω
′
z

I ′
, f(θ) =

(Mφ/I
′
zz ω

′
z − cos θ )

sin2 θ
, (A.13)

dψ

d t̂
= γ ( β − f(θ) cos θ ) β = I ′/I ′zz , (A.14)

d2 θ

d t̂2
= ( γ2 f 2(θ) cos θ − γ2 f(θ) + γ ) sin θ . (A.15)

A.2.2 Runge-Kutta Method

To solve differential equation d x/d t = f (x , t) numerically in a re-
gion 0 < t < T by discrete step τ = T/N , the easiest way is to take
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the first order of Taylor expansion.

xi+1 = x(ti + τ) = xi + f(xi, ti) τ +O(τ 2) ∼= xi + f(xi, ti) τ . (A.16)

In this case, after N steps, xN has an error proportional to τ T (=
τ 2 ×N).

For more accurate analysis, improved methods are needed. Well-
known Runge-Kutta method is one of them and by this method one
step evolution is given as follows.

xi+1 = xi +
1

6
(k0 + 2k1 + 2k2 + k3) ,



















k0 = τ f( xi , ti )

k1 = τ f( xi + k0/2 , ti + τ/2 )

k2 = τ f( xi + k1/2 , ti + τ/2 )

k3 = τ f( xi + k2 , ti + τ ) .

(A.17)

In this method, xi+1 is correct to the forth order. Its error re-
duces to τ 4 T (= τ 5 ×N). To solve, at most the second, differential
equations (A.13)-(A.15) numerically, I applied this Runge-Kutta
method.

Even for differential equations with n variables, like

d x(m)

d t
= f (m) (x(1), · · · , x(n), t) m = 1, · · · , n , (A.18)

the above arguments can be applied when x , f(x, t) are replaced
by the corresponding vectors. For a differential equation of n-th
order,

dnx

d tn
= f ( x,

d x

d t
, · · · , d

n−1x

d tn−1
, t ) , (A.19)

it is clear that it descends to that of n variables by the following
replacement.

x(m) ≡ dm−1x

d tm−1
,

f ≡









x(2)

·
x(n−1)

f( x(1), · · · , x(n), t )









(m = 1, · · · , n) .
(A.20)
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A.2.3 Results of numerical analysis

To know how a gyro moves around, I did calculate only the devel-
opment of φ, θ and did not for ψ for simplicity.

I chose initial values,

φ̇0 = 0 (then ω′
z = ψ̇0), φ0 = 0, θ̇0 = 0, (A.21)

and I take θ0 and γ0 (∝ ω′
z) as variables. In the following I’ll omit the

subscript 0 of the initial values of γ and θ. With different values of
θ and γ, I got the following results for the range 0 < t̂ < 1.

• γ = 100.0, θ = 0.5
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Figure A.4: trajectory of the gyro and its projection: γ = 100.0, θ = 0.5

• γ = 10.0, θ = 1.0
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Figure A.5: trajectory of the gyro : γ = 10.0, θ = 1.0
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• γ = 3.0, θ = 0.5
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Figure A.6: trajectory of the gyro : γ = 3.0, θ = 0.5

The behavior of these results seems surely representing the motion
of a gyro well.

A.3 Application to a real gyroscope

To make sure the validity of the above numerical calculation, try
to roughly estimate and evaluate the value of ψ̇0 (= ω′

z) of a real
gyroscope. I set φ̇0=0 in my practice. I picked up a gyroscope
which have the structure like in Fig. A.7.

As already indicated above, if the conditions, ψ̇0 (= ω′
z) � φ̇, θ̇, and θ �

1, are satisfied, its precession motion obeys

−

φ̇ =
Mg l

I ′xx ω
′
z

. (A.22)

When I rotated the gyro (gave ψ̇0) by a way (given below, and
considered to be fast enough), the motion of the gyro was stable,
and the period of its precession motion (T ) was roughly 2 seconds
throughout with any small enough values of θ.

Ignoring the mass of the surrounding rings, the inertial moments
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Figure A.7: configuration of the gyro

of the gyro were calculated as follows.

I ′ = I ′xxG +Ml2 ∼= M

2
( 0.86 r2 + 12.0 h2 ) +M l2 ,

I ′zz = I ′zzG
∼= M

2
0.86 r2 ,

(IG : the inertial moment around the center of mass).

(A.23)

Then, with the observed value of T (= 2) and the equation T/2π =
I ′zz ω

′
z/Mg l,

ω′
z =

TMgl

2 π I ′zz
∼= 400 [ rad/s ] ∼= 60 rotations per a second . (A.24)

Noting that I rotated the gyro with a string coiled around its
shaft by pulling the string in about 1 seconds. I measured the
length of the string. That was 8 × 124 mm long. So, the frequency
of rotations (ω′

z) given initially turned out to be roughly 63 (8 ×
124/2.252 π) per second. This result agrees well with the above
value.
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But I still have to make sure if the above value of ω′
z (= ψ̇0 ) is

really large enough. So, finally I checked if the required conditions
were satisfied by the results of numerical calculation with the γ
value of this case. With the above value of ω′

z and the inertial
moments (A.23), γ ∼= 20. The results of calculation for φ̇, θ̇ with
γ = 20 were as the following.

( Note that in the calculation I treat
d φ

d t̂
,
d θ

d t̂
instead of

d φ

d t
,
d θ

d t
. )

• γ = 20.0, θ = 0.5
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Figure A.8: trajectory of the gyro : γ = 20.0, θ = 0.5
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I got the following values for the parameters.

d φ

d t̂
∼= 1.05 ,

d θ

d t̂
∼= 0.00 ,

⇒ d φ

d t
∼= 3.3 ,

d θ

d t
∼= 0.0 .

(A.25)

Now it turned out that the condition ω′
z(= ψ̇0) � φ̇ , θ̇ was surely

true in this situation.
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